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COINVARIANT ALGEBRAS AND FAKE DEGREES FOR SPIN
WEYL GROUPS OF CLASSICAL TYPE
CONSTANCE BALTERA AND WEIQIANG WANG
Abstract. The coinvariant algebra of a Weyl group plays a fundamental role in
several areas of mathematics. The fake degrees are the graded multiplicities of the
irreducible modules of a Weyl group in its coinvariant algebra, and they were com-
puted by Steinberg, Lusztig and Beynon-Lusztig. In this paper we formulate a notion
of spin coinvariant algebra for every Weyl group. Then we compute all the spin fake
degrees for each classical Weyl group, which are by definition the graded multiplicities
of the simple modules of a spin Weyl group in the spin coinvariant algebra. The spin
fake degrees for the exceptional Weyl groups are given in a sequel.
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1. Introduction
1.1. Background. Let V be the irreducible reflection representation of a Weyl group
W . The invariant algebra (S∗V )W and the coinvariant algebra (S∗V )W of W are
fundamental objects which have connections and applications in many areas of geometry
and representation theory. According to Chevalley, the coinvariant algebra (S∗V )W is
a graded regular representation of W (see [Hu, Lu2]). Following Lusztig, the graded
multiplicity of a simple W -character ρ in (S∗V )W is called the fake degree of ρ, and
it is a polynomial in a variable t which specializes at t = 1 to the degree of ρ. The
fake degrees were computed by Steinberg [Stn] in type An (where W is the symmetric
group Sn+1), by Lusztig [Lu1] for type Bn and Dn, and by Beynon-Lusztig [BL] using
computer calculations for the exceptional types. The formulation and computation
of fake degrees have significant applications to finite groups of Lie type, which were
systematically developed by Lusztig [Lu1, Lu2].
2010 Mathematics Subject Classification. Primary 20C25; Secondary: 05E10.
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We start with a distinguished double cover W˜ for any Weyl group W :
1 −→ {1, z} −→ W˜ −→W −→ 1.(1.1)
Schur [Sch] in 1911 computed the Schur multiplier for the symmetric groups Sn and
initiated the spin representation theory of Sn; see [Joz2] for a clear new exposition
based on a systematic use of superalgebras. The Schur multiplier of W has been
computed by Ihara and Yokonuma [IY] (cf. [Kar]) to be Z2 or a product of multiple
copies of Z2. The double cover W˜ in (1.1) appeared in Morris [Mo2] and it corresponds
to the choice of 2-cocycle with all elements nontrivial in every copy of Z2. Another
description of W˜ is as follows. Assume that W is generated by s1, . . . , sn subject to
the relations (sisj)
mij = 1 for all i, j. The double cover W˜ is chosen so that the spin
Weyl group algebra CW− := CW˜/〈z + 1〉 is generated by t1, . . . , tn subject to the
relations (titj)
mij = (−1)1+mij . One notable feature of CW− is that it is naturally a
superalgebra with each ti being odd.
1.2. Goal. The goal of this paper and its sequel [BW] is to formulate and compute the
spin fake degrees of all simple characters of CW− (which are the graded multiplicities
in so-called spin coinvariant algebras), for every Weyl group W ; except type A which
was done and expressed in terms of a shifted q-hook formula in [WW1, WW2]. The
computation is carried out case-by-case. Neat closed q-hook formulas of spin fake
degrees are obtained for W of classical type in this paper; the spin fake degrees for the
exceptional types are tabulated in the sequel [BW].
1.3. Formulation. The first problem which we encounter is that no natural candidate
for a graded regular representation of CW− is immediately available. We get around
the difficulty as follows.
The reflection representation V of W is naturally endowed with a W -invariant bilin-
ear form (·, ·). The Clifford (super)algebra ClV associated to (V, (·, ·)) is acted upon by
W as automorphisms, and the semi-direct product ClV ⋊W is naturally a superalgebra.
Khongsap and the second author [KW1, Theorem 2.4] have established an isomorphism
of superalgebras:
(1.2) Φ : ClV ⋊W ≃−→ ClV ⊗ CW−.
In the case when W is a symmetric group, this was established by Sergeev [Se] and
Yamaguchi [Ya]. For non-crystallographic reflection groups we cannot make sense of
ClV and (1.2), so we do not consider these groups here or in [BW]. Modules of a
superalgebra A are assumed to have a Z2-graded structure compatible with the action
of A unless specified otherwise. We shall denote by |A| the underlying algebra of A.
The Clifford algebra ClV is a simple superalgebra, and hence the isomorphism (1.2)
induces a Morita super-equivalence between the superalgebras HcW := ClV ⋊W and
CW− (see Proposition 3.3), and the study of the representation theory of CW− is
essentially equivalent to the counterpart for HcW . The tensor superalgebra
(1.3) ClV ⊗ (S∗V )W
is naturally a graded regular representation of HcW , and hence will be called the spin
coinvariant algebra. (This goes back to Wan and the second author [WW1] for W =
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Sn.) The graded multiplicity of a simple H
c
W -character χ in ClV ⊗ (S∗V )W will be
called the spin fake degree of χ and denoted by P (χ, t).
Under the Morita super-equivalence induced by Φ in (1.2), the simple HcW -module
ClV is shown to correspond to the basic spin CW−-module BW (see Theorem 3.5), and
ClV ⊗ (S∗V )W corresponds to BW ⊗ (S∗V )W . Here the basic spin module BW is the
pullback of the simple ClV -module via a homomorphism CW− to ClV [Mo2], and the
construction goes back to Schur for W = Sn (cf. [Joz2]). The graded multiplicity of a
simple CW−-character χ− in BW ⊗ (S∗V )W is called the spin fake degree of χ− and
denoted by P−(χ−, t). It is shown that P (χ, t) and P−(χ−, t) essentially coincide, up
to a possible factor of 2 which is determined by Proposition 3.8, when χ corresponds
to χ− under the super-equivalence.
1.4. Main results. To simplify notation, we will denote by Xn the Weyl group of type
Xn and the associated spin group algebra by CX
−
n (except that in type A we write
CS−n ); for example CB−n denotes the spin Weyl group algebra of type Bn. For W of
type Bn or Dn, the split classes ofW (with respect to W˜ ) were classified and the simple
ungraded |CW−|-modules were all constructed by Read [Re2].
By the foundational work in the module theory of superalgebras developed by Jo´zefiak
[Joz1] (also cf. [CW, Chapter 3]), the numbers of even and odd split conjugacy classes
determine the numbers of simple CW−-modules of type M and type Q. So, we need to
determine which split conjugacy classes given by Read are even or odd. Fortunately,
the parity of a split class can be determined easily by the parity of the number of
generators in a representative of the given split class.
In this paper we classify the simple CW−-modules, not just the ungraded simple
ones. This turns out to be a subtle problem which requires a combination of ideas
and approaches case-by-case. To that end, we establish some structure theorems for
the superalgebras CW− in type Bn and type Dn. More precisely, we establish the
superalgebra isomorphisms (see Theorems 4.1 and 6.2):
CB−n
∼=−→ Cln ⊗CSn (∀n), CD−n
∼=−→ Cl0n ⊗ CSn (n odd),(1.4)
where we denote Cl0n the even subalgebra of Cln (we also formulate a conjecture on
CD−n for n even). The first isomorphism in (1.4) is obtained by reinterpreting [KW3,
Theorem 1] for Sn, where the role of CB
−
n was not suspected. The construction and
classification of simple CW−-modules immediately follow from such an isomorphism.
For Dn with n even, we find a simple argument to upgrade Read’s results [Re2].
We in addition calculate the characters of all simple CB−n -modules, and establish a
characteristic map similar to the one by Frobenius which relates symmetric group rep-
resentations to the ring of symmetric functions. We also provide a similar construction
and classification for the superalgebra HcBn . This allows us to compute a simple precise
formula for the spin fake degrees in type Bn in terms of a specialization of the super
Schur functions and also in terms of the hook lengths and contents of a Young diagram;
see Theorem 4.9 and Theorem 5.8.
Note that CD−n can be regarded naturally as a subalgebra of CB−n ; see [KW3, 4.1].
We determine in a precise way how each simple CB−n -module decomposes upon restric-
tion into the simple CD−n -modules, depending on whether n is odd or even. With this
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available, the spin fake degrees of type Dn can then be derived from those of type Bn;
see Theorems 6.13 and 7.5.
All the spin fake degrees for all Weyl groups are shown to be palindromic, although
the proof for the exceptional groups is deferred to the sequel. A similar palindromicity
was observed for the usual fake degrees by Beynon-Lusztig [BL].
1.5. Connections. The formulation of spin coinvariant algebras (1.3) associated to
the spin Weyl groups W˜ has its origin in [KW1] (and [WW1]), where the main goal
was to develop spin Hecke algebras [KW1, KW2, KW3]. The spin (affine nil) Hecke
algebras have recently played a basic role in categorification of quantum supergroups.
The same double covers W˜ also featured naturally in the recent work of Barbasch,
Ciubotaru, and Trapa [BCT] in connection with Springer correspondence and affine
Hecke algebras. It would be very interesting to understand why exactly the same spin
Weyl groups appear in such diverse settings and to develop any possible connections.
In Lusztig’s work [Lu2], the fake degrees were related to the generic degrees arising
from Hecke algebras. In type A, the generic degrees coincide with the fake degrees
[Stn]. Recently, the spin generic degrees were formulated and computed in terms of
(quantum) spin Hecke algebras of type A [WW3], and they were shown to coincide with
the spin fake degrees of Sn (computed in [WW1]). The quantum spin Hecke algebras
beyond type A have yet to be formulated.
Broue´-Malle-Michel and others (see [BMM] and references therein) have attempted
to generalize to the setting of complex reflection groups various connections among
Weyl groups, Hecke algebras and finite groups of Lie type. Our work can be formally
regarded as a step toward generalization in the direction of spin Weyl groups.
1.6. Organization. The paper is organized as follows.
The preliminary Section 2 reviews the double covers W˜ of Weyl groups and some
basics on the module theory of superalgebras.
In Section 3, we formulate the spin coinvariant algebras, and define the spin fake
degrees for the superalgebras CW− and HcW . We formulate Morita super-equivalence
of superalgebras, and show that the basic spin CW−-module corresponds to the HcW -
module ClV via a Morita super-equivalence (see Theorem 3.5). The results of Section 3
are valid for both classical and exceptional Weyl groups.
In Section 4, the first isomorphism for CB−n in (1.4) is established. We construct
and classify the simple CB−n -modules, compute their characters, and establish a char-
acteristic map. Then we reduce the computation of the spin fake degrees for simple
CB−n -modules to their counterparts for simple HcW -modules, which is carried out in
Section 5.
In Section 6 where n is set to be odd, the second isomorphism for CD−n in (1.4)
is established. The simple CD−n -modules are constructed and classified. The relation
between simple modules of CB−n and CD−n is worked out precisely. This allows us to
reduce the computation of spin fake degrees for Dn to the counterparts for Bn.
Section 7 on spin fake degrees of Dn for n even is the counterpart of Section 6 (which
was for n odd), though the detail depends much on the parity of n.
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2. The preliminaries
In this preliminary section, we review various facts on spin Weyl groups and semisim-
ple superalgebras for later use.
2.1. Notation. We let P denote the set of all partitions, OP the set of all odd par-
titions, EP the set of all even partitions, and SOP the set of all strict odd partitions,
i.e., those odd partitions containing no repeated parts. When we wish to consider only
partitions of a given n, we add a subscript; thus Pn is the set of partitions of n. Addi-
tionally, we let P odn be the set of partitions of n of odd length, Pevn the set of partitions
of n of even length, and Psymn the set of (conjugate-)symmetric partitions of n. Given
partitions α, β, we denote by α∪β the partition obtained by collecting and rearranging
the parts from α and β.
For a partition λ = (λ1, λ2, . . .) of n, we write |λ| = n and denote λ ⊢ n. Additionally,
n(λ) =
∑
i≥1
(i− 1)λi.(2.1)
We denote by h the hook length associated to a cell  in the Young diagram of λ;
the content associated to a cell  is defined to be the difference between the column
number and the row number of . See the following example.
Example 2.1. Let λ = (4, 3, 1). Then, n(λ) = 5, the hook lengths are listed in the
corresponding cells of the left-hand diagram, and the contents in the corresponding
cells of the right-hand diagram as follows:
6 4 3 1
4 2 1
1
0 1 2 3
−1 0 1
−2
A module over a superalgebra A = A0¯ ⊕ A1¯ is always understood in this paper as a
Z2-graded A-module M =M0¯ ⊕M1¯ whose grading is compatible with the action of A,
i.e. AiMj ⊆Mi+j . We shall denote by |A| the underlying algebra of A with Z2-grading
forgotten, and by |M | the |A|-module with Z2-grading of M forgotten.
2.2. Weyl groups. Let W be an (irreducible) finite Weyl group with the following
presentation:
〈s1, . . . , sn|(sisj)mij = 1, mii = 1, mij = mji ∈ Z≥2, for i 6= j〉.(2.2)
In the case of type An, W is the symmetric group Sn+1. For a Weyl group W , the
integers mij take values in {1, 2, 3, 4, 6}, and they are specified by the following Coxeter-
Dynkin diagrams whose vertices correspond to the generators of W . By convention, we
only mark the edge connecting i, j with mij ≥ 4. We have mij = 3 for i 6= j connected
by an unmarked edge, and mij = 2 if i, j are not connected by an edge.
An ◦ ◦ . . . ◦ ◦
1 2 n− 1 n
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Bn(n ≥ 2) ◦ ◦ . . . ◦ ◦
1 2 n− 1 n
4
Dn(n ≥ 4) ◦ ◦ · · · ◦ ◦
 
  
◦
❅
❅❅◦
1 2 n− 3
n− 2
n− 1
n
En=6,7,8 ◦ ◦ ◦ . . . ◦ ◦
◦
1 3 4 n− 1 n
2
F4 ◦ ◦ ◦ ◦
1 2 3 4
4
G2 ◦ ◦
1 2
6
2.3. Spin Weyl groups. The Schur multipliers for finite Weyl groups W have been
computed by Ihara and Yokonuma [IY]. The explicit generators and relations for the
corresponding covering groups of W can be found in Karpilovsky [Kar, Table 7.1].
In this paper (as in [KW1]), we shall be concerned exclusively with a distinguished
double covering W˜ of W :
(2.3) 1 −→ Z2 −→ W˜ θ−→W −→ 1.
We denote by Z2 = {1, z}, and by t˜i a fixed preimage of the generators si of W for
each i. The group W˜ is generated by z, t˜1, . . . , t˜n with relations
(2.4) z2 = 1, (t˜it˜j)
mij =
{
1, if mij = 1, 3
z, if mij = 2, 4, 6.
The quotient algebra of CW˜ by the ideal generated by z+1 is denoted by CW− and
called the spin Weyl group algebra associated to W . Denote by ti ∈ CW− the image of
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t˜i. The spin Weyl group algebra CW
− has the following uniform presentation: CW−
is the algebra generated by ti, 1 ≤ i ≤ n, subject to the relations
(2.5) (titj)
mij = (−1)mij+1.
The algebra CW− has a natural superalgebra structure by letting each ti be odd.
Example 2.2. Let W be the Weyl group of type An, Bn, or Dn. Then the spin Weyl
group algebra CW− is generated by t1, . . . , tn with the labeling as in the Coxeter-Dynkin
diagrams and the explicit relations summarized in the following Table A.
Table A: Relations for classical spin Weyl group algebras
Type of W Defining Relations for CW−
An t
2
i = 1, titi+1ti = ti+1titi+1 if 1 ≤ i ≤ n,
(titj)
2 = −1 if |i− j| > 1
t1, . . . , tn−1 satisfy the relations for CW−An−1 ,
Bn t
2
n = 1, (titn)
2 = −1 if i 6= n− 1, n,
(tn−1tn)4 = −1
t1, . . . , tn−1 satisfy the relations for CW−An−1 ,
Dn t
2
n = 1, (titn)
2 = −1 if i 6= n− 2, n,
tn−2tntn−2 = tntn−2tn
2.4. Clifford algebra. Denote by V the irreducible reflection representation of di-
mension n of the Weyl group W (which is the Cartan subalgebra of the corresponding
simple Lie algebra).
Note that V carries a W -invariant nondegenerate bilinear form (·, ·), and let ClV
be the Clifford algebra associated to (V, (·, ·)). Denote by βi the generator of ClV
corresponding to the simple root αi normalized with β
2
i = 1. Note that ClV is naturally
a superalgebra with each βi being odd. We identify V with a suitable subspace of C
m
(for values of m see Table B below), and then describe the simple roots {αi} for g using
a standard orthonormal basis {ei} of Cm. It follows that (αi, αj) = −2 cos(π/mij). Let
Clm denote the Clifford algebra of Cm which is generated by c1, . . . , cm subject to the
relations
c2i = 1, cicj = −cjci if i 6= j.(2.6)
(Here ci corresponds to the basis element ei.) It is convenient to identify ClV as a
subalgebra of Clm (see Table B); we may also identify ClV with Cln and shall do so
whenever convenient.
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Table B: Generators for Clifford algebra ClV
Type of W m Generators for ClV
An n+ 1 βi =
1√
2
(ci − ci+1), 1 ≤ i ≤ n
Bn n βi =
1√
2
(ci − ci+1), 1 ≤ i ≤ n− 1, βn = cn
Dn n βi =
1√
2
(ci− ci+1), 1 ≤ i ≤ n− 1, βn = 1√2(cn−1+ cn)
E8 8 β1 =
1
2
√
2
(c1 + c8 − c2 − c3 − c4 − c5 − c6 − c7)
β2 =
1√
2
(c1 + c2), βi =
1√
2
(ci−1 + ci−2), 3 ≤ i ≤ 8
E7 8 the subset of βi in E8, 1 ≤ i ≤ 7
E6 8 the subset of βi in E8, 1 ≤ i ≤ 6
F4 4 β1 =
1√
2
(c1 − c2), β2 = 1√2(c2 − c3)
β3 = c3, β4 =
1
2(c4 − c1 − c2 − c3)
G2 3 β1 =
1√
2
(c1 − c2), β2 = 1√6(−2c1 + c2 + c3)
The action of W on V preserves the bilinear form (·, ·) and thus W acts as automor-
phisms of the algebra ClV . This gives rise to a semi-direct product
HcW := ClV ⋊W,
which is called the Hecke-Clifford algebra for W . The algebra HcW naturally inherits
the superalgebra structure by letting elements in W be even and each βi be odd.
2.5. Simple modules of superalgebras. In this subsection, we shall recall some
standard facts about semisimple superalgebras from [Joz1] (cf. [Kle] or [CW]).
The space of all (r+ s)× (r+ s) matrices, denoted by M(r|s), is a superalgebra with
the following grading, with the matrices expressed in (r, s)-block form:
M(r|s)0¯ =
{(
A 0
0 D
)}
, M(r|s)1¯ =
{(
0 B
C 0
)}
.
The set of 2n×2n matrices Q(n) =
{(
A B
B A
)}
, with A,B arbitrary n×n matrices,
is a subalgebra of the superalgebra M(n|n).
Both M(r|s) and Q(n) are simple superalgebras. A classical theorem due to Wall
states that all finite-dimensional simple associative superalgebras over C are isomorphic
to either M(r|s) or Q(n), for suitable r, s or n.
Theorem 2.3 (Super Wedderburn’s Theorem). Let A be a finite-dimensional semisim-
ple associative superalgebra. Then
A ∼=
m⊕
i=1
M(ri|si)⊕
q⊕
j=1
Q(nj).
As in the ungraded case, each simple A-module will be annihilated by all but one of
the simple summands in Theorem 2.3. Since there are two types of simple superalgebras,
there will also be two types of simple A-modules. We say that a simple A-module is of
type M if the summand which does not annihilate it is of the form M(ri|si), and of type
SPIN FAKE DEGREES FOR CLASSICAL WEYL GROUPS 9
Q if this summand is of the form Q(nj). The following generalization of Schur’s lemma
distinguishes between them.
Lemma 2.4 (Super Schur’s Lemma). Let M and L be simple A-modules. Then
dimHomA(M,L) =
 1 if M
∼= L of type M,
2 if M ∼= L of type Q,
0 if M ≇ L.
Remark 2.5. Let A be a finite-dimensional C-superalgebra. A type M simple A-module
remains simple as an |A|-module, while a type Q simple A-module becomes a sum of
two non-isomorphic simple |A|-modules; see [Joz1].
2.6. Split conjugacy classes. We now consider the conjugacy classes of W and W˜ .
All the elements of a given conjugacy class have the same parity, so we can describe
each conjugacy class in W as either even or odd.
Let K be a conjugacy class of W . Then θ−1(K) is either a single conjugacy class of
W˜ , or splits into two as θ−1(K) = K˜ ⊔ zK˜; in the latter case, we say that K, K˜, and
zK˜ are split classes. We say x ∈W is split (which actually depends on W˜ ) if it belongs
to a split conjugacy class. If we denote θ−1(z) = {x˜, zx˜}, x is split if and only if x˜ and
zx˜ are not conjugate in W˜ .
Proposition 2.6. [Joz1, Proposition 4.14] The number of even split conjugacy classes
of W is equal to the total number of simple CW−-modules. The number of odd split
conjugacy classes is equal to the number of simple CW−-modules of type Q.
3. Spin coinvariant algebras and spin fake degrees
In this section we formulate the notion of spin coinvariant algebras and then the
spin fake degrees. The Morita super-equivalence between the spin Weyl group algebras
and the Hecke-Clifford algebras plays an essential role. Throughout this section the
formulations and results are valid for arbitrary Weyl groups.
3.1. Spin coinvariant algebras. Let A be a superalgebra. We shall denote by A-mod
the category of (finite-dimensional) modules of the superalgebra A (with morphisms of
degree one allowed). There is a parity reversing functor
Π : A-mod −→ A-mod,
which sends M = M0¯ + M1¯ to ΠM with (ΠM)0¯ = M1¯ and (ΠM)1¯ = M0¯. The
underlying even subcategory A-mod0¯, which consists of the same objects as A-mod but
only even morphisms, is an abelian category. We define the Grothendieck group R(A)
of the category A-mod to be the Z-module generated by all objects in A-mod subject
to the following two relations: (i) [ΠM ] = [M ], (ii) [M ] = [L] + [N ], for all L,M,N in
A-mod satisfying a short exact sequence 0→ L→M → N → 0 with even morphisms.
Given two superalgebras A and B, we view the tensor product of superalgebras A ⊗
B as a superalgebra with multiplication defined by
(3.1) (a⊗ b)(a′ ⊗ b′) = (−1)|b||a′|(aa′ ⊗ bb′) (a, a′ ∈ A, b, b′ ∈ B)
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where |b| denotes the Z2-degree of b, etc. Also, we shall use short-hand notation ab
for (a ⊗ b) ∈ A ⊗ B, a = a ⊗ 1, and b = 1 ⊗ b. We recall the following isomorphism,
which extends an earlier result of Sergeev [Se] and Yamaguchi [Ya] in type A (cf. e.g.
[WW2]).
Proposition 3.1. [KW1, Theorem 2.4] We have an isomorphism of superalgebras:
Φ : ClV ⋊W ≃−→ ClV ⊗ CW−,
which extends the identity map on ClV and sends si 7→ −
√−1βiti,∀i. The inverse map
Ψ is the extension of the identity map on ClV which sends ti 7→
√−1βisi,∀i.
As before, we shall refer to HcW = ClV ⋊W as the Hecke-Clifford (super)algebra. As
in Section 2.4, the Weyl group W acts on V as its reflection representation, and then
on the symmetric algebra S∗V . The coinvariant algebra is (S∗V )W = S∗V/〈(S∗V )W+ 〉
by definition, where 〈(S∗V )W+ 〉 denotes the ideal generated by the homogeneous W -
invariants of positive degrees. A classical theorem of Chevalley states that (S∗V )W =⊕
k(S
kV )W is a graded regular representation of W (cf. [Hu]).
Definition 3.2. The spin coinvariant algebra for W is defined to be ClV ⊗ (S∗V )W .
Note that
ClV ⊗ (S∗V )W =
⊕
k
ClV ⊗ (SkV )W
is a graded regular representation of the Hecke-Clifford superalgebra HcW , where ClV
acts by left multiplication on the first tensor factor and W acts diagonally, and this
justifies the terminology in Definition 3.2. More generally, given a W -module M ,
ClV ⊗M is naturally an HcW -module.
3.2. Morita super-equivalence. Recall that Cln is a simple superalgebra, with a
unique (up to isomorphism) irreducible module U . The module U is of type M for n
even and of type Q for n odd. We have dimU = 2k for n = 2k or n = 2k − 1.
Assume that a superalgebra isomorphism Cln ⊗A ∼= B exists for two superalgebras
A and B. Then the two exact functors
F
def
= U ⊗− :A-mod −→ B-mod,
G
def
= HomCln(U,−) :B-mod −→ A-mod,
(3.2)
define a Morita super-equivalence in the following sense (cf. [Kle, Proposition 13.2.2]).
Proposition 3.3. Assume that two superalgebras A,B satisfy a superalgebra isomor-
phism Cln ⊗A ∼= B. Let F,G be defined as in (3.2).
(1) Suppose that n is even. Then the two functors F and G are equivalences of
categories such that F ◦G ∼= id, G ◦ F ∼= id.
(2) Suppose that n is odd. Then F ◦ G ∼= id ⊕ Π, G ◦ F ∼= id ⊕ Π. Moreover, F
induces a bijection between the isoclasses of irreducible A-modules of type M and
the isoclasses of irreducible B-modules of type Q. Also G induces a bijection
between the isoclasses of irreducible B-modules of type M and the isoclasses of
irreducible A-modules of type Q.
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In particular, the Hecke-Clifford algebra HcW = ClV ⋊W and the spin Weyl group
algebra CW− are Morita super-equivalent by Proposition 3.1.
3.3. The basic spin module. In [Mo2], Morris studied the same double cover W˜ as
in (2.3), and showed that there exists a surjective superalgebra homomorphism
(3.3) Ω : CW− −→ ClV , ti 7→ βi ∀i.
By pulling back the unique simple module U of the Clifford superalgebra ClV via
the homomorphism Ω, we obtain a distinguished CW−-module, called the basic spin
module, which we shall denote by BW . This is a natural generalization of the classical
construction for CS−n due to Schur [Sch] (see [Joz3]).
The character of the basic spin module U of Cln (with standard generators c1, . . . , cn)
will be useful in later computations; we recall it here. Let cI = ci1 . . . cip be associated
with an (ordered) subset I = {i1, . . . , ip} of {1, . . . , n}, and c∅ = 1.
Proposition 3.4. [Joz2, Section 3C] The character value of U at cI is equal to{
0 if I 6= ∅,
2k if I = ∅, and n = 2k or 2k + 1.
The following property of basic spin modules plays a fundamental role in the for-
mulation of the notion of spin fake degrees. Though we only need the case of classical
Weyl groups in this paper, we have included the exceptional type so that we do not
need to repeat much of the setup in the sequel [BW].
Theorem 3.5. Let W be an arbitrary (classical or exceptional) Weyl group, with V its
irreducible reflection representation. Then
(1) The basic spin CW−-module BW is simple, of type M if dimV is even and of
type Q if dimV is odd.
(2) G(ClV ) ∼= BW as CW−-modules.
(3) ClV is a simple HcW -module always of type M.
Proof. Since Ω : CW− → ClV in (3.3) is surjective, the CW−-module BW , as the
pullback of the simple ClV -module U via Ω, must be simple and its type comes from
the type of the simple ClV -module U , whence (1).
Part (3) follows immediately by (2) and Proposition 3.3.
So it remains to prove (2). The proof is case-by-case, and there are 2 main ap-
proaches: one via character computation and the other by dimension counting.
The first approach is to verify by a character computation that as HcW -modules,
F(BW ) ∼=
{
ClV , if dimV is even,
Cl⊕2V , if dimV is odd.
(3.4)
Indeed for type Bn, this isomorphism is a special case of Lemma 5.3 below (where λ is
a one-row partition (n)). The verification for types A and D can also be read off from
the proof of Lemma 5.3, since CS−n and CD−n are naturally subalgebras of CB−n .
Since ClV is a simple superalgebra with simple module U , G(ClV ) = HomClV (U, ClV )
has dimension equal to dimU (which is the same as dimBW ). Then Part (2) for a given
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Weyl group W is valid if the following holds for W :
BW is the unique simple CW−-module of minimal dimension,(3.5)
and the minimal dimension is equal to dimU.
It turns out (3.5) holds for exceptional Weyl groups E6, E7, and E8, according to the
degrees of all spin simple characters computed by Morris [Mo1]; alternatively, it can be
read off from Tables for E6, E7, and E8 in [BW]. Actually it can also be easily observed
that (3.5) holds for Bn and Dn from the construction and classification of the simple
CW−-modules in later sections (see Propositions 4.3, 6.10, 7.3). This gives a second
proof in types Bn and Dn. But we do not know how to check (3.5) directly for type
An, though the degrees of simple characters are well known since Schur (cf. [Joz2]).
However, (3.5) is not true for G2 and F4. In these two cases, we verify (3.4) by a
direct character computation as follows. We shall freely use [Mo1] (see also [BW]).
The three simple spin characters of CG−2 are all of degree 2 and type M, and they
have different values on the conjugacy class with admissible diagram G2 (for which
we can choose t1t2 as a representative; cf. [Ca, Section 3, ex. (ii)]). Hence, to show
(3.4) (with dimV = 2) it suffices to check that both sides of (3.4) take the same
(nonzero) character value at s1s2. We refer to Table B for formulas of β1 and β2. The
action of s1s2 on F(BW ) = U ⊗ BW is given by Φ(s1s2) = β1β2 · t1t2. The trace of
β1β2 = −
√
3
2 − 1√12 (c1c2 − c1c3 + c2c3) on U is −
√
3. Since Ω(t1t2) = β1β2, we see
that the trace of t1t2 on BW is also −
√
3. (Note this is the opposite of the value given
in [Mo1, Table VI], as we have made a different choice of CG˜2 conjugacy class in the
preimage of the CG−2 conjugacy class in question.) Hence the character value of s1s2
on F(BW ) is (−
√
3)2 = 3.
On the other hand, the character of s1s2 on ClV is also 3 by the following computa-
tion:
s1s2.1 = 1,
s1s2.β1 = s1(β1 +
√
3β2) = 2β1 +
√
3β2,
s1s2.β2 = −s1β2 = −
√
3β1 − β2,
s1s2.β1β2 = β1β2.
Hence (3.4) holds for G2.
Now consider the case of F4. Following Morris [Mo1] and Read [Re1], there are
two simple spin characters of CF−4 of minimal degree 4 (both of type M); they have
opposite character values on the conjugacy class with admissible diagram B2. Read
[Re1, Table 1] provides the representative element t2t3 for this conjugacy class, and we
will use this element to compute character values.
We identify ClV with Cl4, and refer to Table B for formulas of βi. Since Ω(t2t3) =
β2β3, we see that the trace of t2t3 on BF4 is equal to the trace of β2β3 = 1√2c2c3−
1√
2
on
U , which is −2√2. (Note this is the opposite of the value given in [Mo1, Table VII], as
we have made a different choice of the split conjugacy class in question. It is, however,
the same as the value given in [Re1, Table 1].) Thus the character of F(BF4) = U ⊗BF4
on t2t3 is (−2
√
2) dimU = −8√2.
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On the other hand, we consider
Ψ(t2t3) = −β2s2β3s3 = −(β2β3 +
√
2)s2s3 ∈ HcF4 .
A direct yet lengthy computation shows that the matrix of the operator Ψ(t2t3) acting
on ClV with respect to the ordered basis
{1, β1, β2, β3, β4, β1β2, β1β3, β1β4, β2β3, β2β4,
β3β4, β1β2β3, β1β2β4, β1β3β4, β2β3β4, β1β2β3β4}
has its diagonal given by
diag (−
√
2,−
√
2,−
√
2, 0,−
√
2,−
√
2, 0,−
√
2, 0,−
√
2, 0, 0,−
√
2, 0, 0, 0).
Thus the character of ClV on Ψ(t2t3) is −8
√
2, agreeing with F(BF4). Hence (3.4) holds
for F4.
The proof of (2) and hence of the proposition is now completed. 
Remark 3.6. Let W = Sn. If we choose to work with the reflection representation C
n
which is not irreducible as in [Se, Ya, KW1], Cln is a simple (Cln⋊Sn)-module, now of
type Q. Theorem 3.5 in such a setting was stated without proof in [WW1].
3.4. A multiplicity identity. Let M be a W -module, E a CW−-module, and F an
HcW -module. Then the tensor product E ⊗M is a CW−-module under the action
(3.6) ti(u⊗ x) = (tiu)⊗ (six) 1 ≤ i ≤ n, u ∈ E, x ∈M.
Additionally, the tensor product F ⊗M is an HcW -module via
(3.7) βi(u⊗ x) = (βiu)⊗ x, si(u⊗ x) = (siu)⊗ (six)
for 1 ≤ i ≤ n, u ∈ F, x ∈M .
The following tensor identity is a straightforward generalization of [WW1, Lemma 3.1],
and it can be proved in the same way.
Lemma 3.7. Let M be a W -module. Then there is a CW−-module isomorphism
G(ClV )⊗M ∼= G(ClV ⊗M);
that is, HomClV (U, ClV )⊗M ∼= HomClV (U, ClV ⊗M).
Using the Morita super-equivalence of Proposition 3.3 in the context of Proposi-
tion 3.1, we can relate the multiplicity problem for a CW−-module and that for a
HcW -module as follows. We will abuse notation to sometimes use module and character
names interchangeably, and denote a module and its associated character by the same
notation.
Proposition 3.8. Suppose M is a W -module. Let χ be a simple HcW -character, and
χ− the corresponding simple CW−-character under the Morita super-equivalence. Let
mχ = dimHomHc
W
(χ, ClV ⊗M) and m−χ = dimHomCW−(χ−,BW ⊗M). Then
m−χ =
 mχ if n is even,2mχ if n is odd and χ is of type M,
mχ if n is odd and χ is of type Q.
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Proof. By definition and Lemma 2.4, we have
ClV ⊗M =
⊕
χ type M
mχχ⊕
⊕
χ type Q
1
2
mχχ,(3.8)
BW ⊗M =
⊕
χ− type M
m−χχ
− ⊕
⊕
χ− type Q
1
2
m−χχ
−.(3.9)
Hence, by Proposition 3.3, Theorem 3.5, Lemma 3.7 and (3.8),
BW ⊗M = G(ClV )⊗M
∼= G(ClV ⊗M)
∼=
⊕
χ type M
mχG(χ)⊕
⊕
χ type Q
1
2
mχG(χ)
∼=

⊕
χ type Mmχχ
− ⊕⊕χ type Q 12mχχ− if n is even⊕
χ type Mmχχ
− ⊕⊕χ type Qmχχ− if n is odd.
Comparing this with (3.9) gives the result desired. 
3.5. Spin fake degrees. Let χ be a simple character of HcW , and let χ
− be a sim-
ple character of CW− corresponding to χ under the Morita super-equivalence as in
Proposition 3.3. Let t be an indeterminate; then we define
PW (χ, t) =
∑
k
dimHomHc
W
(χ, ClV ⊗ (SkV )W )tk,
P−W (χ
−, t) =
∑
k
dimHomCW−(χ
−,BW ⊗ (SkV )W )tk;
(3.10)
HW (χ, t) =
∑
k
dimHomHc
W
(χ, ClV ⊗ SkV )tk,
H−W (χ
−, t) =
∑
k
dimHomCW−(χ
−,BW ⊗ SkV )tk.
(3.11)
We can reformulate the above definitions in terms of the bilinear form (·, ·) and the
formal sum
StV :=
∑
j≥0
(SjV )tj .
For example, H−W (χ
−, t) = dimHomCW−(χ−,BW ⊗ StV ). We will refer to HW (χ, t)
informally as the graded multiplicity of χ in the HcW -module ClV ⊗ S∗V , and refer to
H−W (χ
−, t) as the graded multiplicity of χ− in the CW−-module BW ⊗ S∗V .
Definition 3.9. PW (χ, t) is called the spin fake degree of the simple H
c
W -character χ,
and P−W (χ
−, t) is called the spin fake degree of the simple CW−-character χ−.
SPIN FAKE DEGREES FOR CLASSICAL WEYL GROUPS 15
Remark 3.10. The fake degrees of a Weyl group W are the graded multiplicities of
simple W -modules in the coinvariant algebra of W (cf. Lusztig [Lu2]).
The spin coinvariant algebra and spin fake degrees for the symmetric group Sn were
first formulated and computed by Wan and the second author [WW1], and the termi-
nology of spin fake degrees first appeared in [WW2].
Let d1, . . . , dn be the degrees of the Weyl group W (cf. [Hu, Lu2]); we recall their
values in the classical cases in Table C.
Table C: Degrees of classical Weyl groups W
Type An Bn Dn
Degrees 2, 3, . . . , n+ 1 2, 4, . . . , 2n 2, 4, . . . , 2n− 2, n
Recall (cf. [Hu]) the algebra of W -invariants in S∗V is a polynomial algebra whose
Hilbert polynomial is given by
(3.12) H
(
(S∗V )W , t
)
=
1∏n
i=1(1− tdi)
.
Lemma 3.11. Let χ be a simple HcW -character and χ
− be a simple CW−-character.
Then PW (χ, t) = HW (χ, t)
∏n
i=1(1− tdi), and P−W (χ−, t) = H−W (χ−, t)
∏n
i=1(1− tdi).
Proof. Follows by definition (see (3.10), (3.11) and (3.12)) and the classical theorem of
Chevalley (cf. [Hu]) that S∗V ∼= (S∗V )W ⊗ (S∗V )W as graded W -modules. 
The main goal of this paper and its sequel is to compute the spin fake degrees PW (χ, t)
and P−W (χ
−, t) for every Weyl group W . Lemma 3.11 allows us to do the computations
for the series HW (χ, t) and H
−
W (χ
−, t) instead. Proposition 3.8 allows us to transfer
back and forth any computation between HW (χ, t) and H
−
W (χ
−, t). The computations
of all these multiplicities, which are formulated for simple (graded) CW−-modules, can
be readily translated into the multiplicities of simple (ungraded) |CW−|-modules (with
some possible factors of 2 which can be determined case-by-case).
3.6. Palindromicity. Let us summarize a symmetry property shared by all spin fake
degrees for all Weyl groups below. We thank Ching Hung Lam for a very helpful
remark.
Theorem 3.12. For any Weyl group W , the spin fake degrees for CW− are palin-
dromic. More precisely, for every irreducible character χ− of CW−, we have
P−W (χ
−, t) = tNP−W (χ
−, t−1),
where N is the number of reflections in the Weyl group W .
The values of N here for each Weyl group are recalled in Table D below.
Table D: Number N of reflections in W
Type An Bn Dn E6 E7 E8 F4 G2
N n(n+ 1)/2 n2 n(n− 1) 36 63 120 24 6
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Proof. The proof requires a case-by-case check; see Propositions 4.10, 6.14, and 7.6,
for the classical types other than type A; they rely on the explicit formulas of spin
fake degrees in these cases, which we will compute in the subsequent sections. For the
exceptional types, the theorem follows from the computation in [BW].
Now letW = Sn in type An−1. The simple CS−n -modules are parameterized by strict
partitions λ of n, and the corresponding spin fake degrees P−Sn(λ, t) were computed in
[WW1, Theorem A] (cf. [WW2]). The formula for P−Sn(λ, t) is in terms of n(λ) given
in (2.1), contents c, and shifted hook lengths h
∗

, and we refer to loc. cit. for detailed
definitions. It is actually clear that P−Sn(λ, t) = t
aP−Sn(λ, t
−1) for some shift integer a,
since one observes that P−Sn(λ, t) is a product of factors of the form (1 ± t∗)±1. So it
remains to determine the shift number a, which is the sum of the highest and the lowest
powers of t appearing in P−Sn(λ, t). Thus
a = 2n(λ) +
n2 + n− 2
2
+
∑
∈λ∗
(c − h∗)
= 2n(λ) +
n2 + n− 2
2
− (2n(λ) + n− 1) = n2 − n
2
,
which is the number of reflections in Sn. 
Remark 3.13. A similar palindromicity property holds for the usual fake degrees, see
Beynon-Lusztig [BL, Proposition A], which can be regarded as a variant of Poincare´
duality. However, the shift numbers for the usual fake degrees depend on the irreducible
characters (as well as on the Weyl groups).
4. The spin fake degrees of type Bn
4.1. Structure of the algebra CB−n . We shall simply write the Weyl group of type
Bn as Bn, its double cover as B˜n, and the spin Weyl group algebra as CB
−
n . Recall the
generators βi for ClV from Table B, where V is the reflection representation of a Weyl
group W (in this case Bn), and note that we can identify ClV and Cln. The following
is a new formulation of Khongsap-Wang [KW3, Theorem 1] in the case of Sn, which
now describes the structure of the superalgebra CB−n .
Theorem 4.1. There is an isomorphism of superalgebras
φB : CB−n
∼=−→ Cln ⊗ CSn,
ti 7→
{
βisi if i ≤ n− 1,
cn if i = n.
The inverse map sends si 7→ βiti and ci 7→ (−1)n−ititi+1 · · · tn−1tntn−1 · · · ti+1ti for all
possible i. (Note each si is even here.)
Proof. Following [KW3, Theorem 1] we denote by Cln ⋊− CS−n the superalgebra gen-
erated by Cln and CS−n with the additional relation that ticj = −csij ti for all i, j. Our
simple yet new observation here is that there is an isomorphism of superalgebras
(4.1) CB−n
∼=−→ Cln ⋊− CS−n
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by sending ti 7→ ti for i = 1, . . . , n− 1, and tn 7→ cn. As the relations involving only ti,
i = 1, . . . , n− 1, are the same in both CB−n and Cln ⋊− CS−n , we need only check that
the relations involving tn are preserved.
So we first confirm that ticn = −cnti for i 6= n − 1, n in Cln ⋊− CS−n , which fol-
lows by the additional relation ticj = −csij ti. Then we check that tn−1cntn−1cn =
−cntn−1cntn−1 in Cln ⋊− CS−n . Indeed,
tn−1cntn−1cn = cn−1tn−1cn−1tn−1 = −cn−1cntn−1tn−1
= cncn−1tn−1tn−1 = −cntn−1cntn−1.
Note that this homomorphism is surjective. Then injectivity follows by dimension
counting.
On the other hand, we have an explicit isomorphism Cln ⋊− CS−n ∼= Cln ⊗ CSn,
which extends the identity map on Cln and sends ti 7→ βisi for i ≤ n − 1, by [KW3,
Theorem 1] specialized for W = Sn. Now the theorem follows from this isomorphism
and the identification (4.1). 
4.2. Split classes for Bn. With the identification Z2 = {+,−}, an element x in
Bn = Z
n
2 ⋊Sn is a product of positive and negative cycles of various lengths. Collecting
the lengths of positive (respectively, negative) cycles together gives us a partition ρ+
(respectively, ρ−), and we say x is of type (ρ+, ρ−). It is well known [Mac, I, Appen-
dix B] that the conjugacy classes of the group Bn are parameterized by the types of
total size n. For example, the identity element of Bn has type ((1
n), ∅).
Lemma 4.2. (cf. [Re2])
(1) The split conjugacy classes of Bn are the classes of the following types:
(a) (ρ+, ρ−) ∈ (OP , EP);
(b) (ρ+, ρ−) ∈ (∅,P) (only when n is odd).
(2) The split classes of type (ρ+, ρ−) ∈ (OP , EP) are even while those of type
(ρ+, ρ−) ∈ (∅,P) are odd.
Proof. (1) is exactly [Re2, Theorem 4.1], where Read uses the terminology α-regular
to refer to split classes.
Since all generators ti are odd, the parity of an element ti1 . . . tik , and thus of its
conjugacy class, is equal to the parity of k. Now (2) follows by counting the number of
generators in a representative element of each conjugacy class as given in [Re2]. 
4.3. Simple CB−n -modules. It follows from Proposition 2.6 and Lemma 4.2 that all
simple modules of Bn for n even (respectively, n odd) are of type M (respectively, type
Q). Denote by Sλ the Specht module associated to a partition λ. Recall the unique
simple ClV -module U . The pullback of the simple (ClV ⊗CSn)-module U ⊗ Sλ via the
isomorphism φB is a simple CB−n -module, which is denoted by Bλ.
Proposition 4.3. {Bλ|λ ⊢ n} is a complete set of pairwise inequivalent simple CB−n -
modules, all of type M when n is even, and all of type Q when n is odd.
Proof. This follows directly from the isomorphism in Theorem 4.1; note that the CSn
is purely even and that the CB−n -module U is of type M if and only if n is even. 
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Remark 4.4. The ungraded simple modules for CB−n have been classified and con-
structed in completely different approaches by Read [Re2, Theorem 5.1] (also cf. Stem-
bridge [Stm, Theorem 9.2]). In light of Remark 2.5, Proposition 4.3 allows us to recover
easily Read’s classification of irreducible ungraded modules.
Next we shall determine the character of Bλ. We choose the canonical positive cycle
in CB−n which permutes a through a + k to be tata+1 · · · ta+k−1, and the canonical
negative cycle in CB−n which permutes those same elements to be tata+1 · · · ta+k−1ba+k,
where
(4.2) bn = tn, bi = tibi+1ti, for 0 ≤ i ≤ n− 1.
(In particular, bi 7→ (−1)n−ici under the isomorphism in Theorem 4.1.) The support of
a (signed) permutation σ ∈ Bn is supp(σ) = {i|1 ≤ i ≤ n, σ(i) 6= i}. The representative
element for the conjugacy class of type (α, β) is the product of the corresponding
canonical cycles, chosen so that the supports of negative cycles are bigger than those
of positive cycles. Let χλµ be the character value of the Specht module S
λ evaluated on
elements of Sn of type µ. By Lemma 4.2, the even split conjugacy classes of Bn are
parametrized by the types (α, β) ∈ (OP , EP), which are in bijection with the partitions
of n by taking α∪β; we will use such an identification below whenever it is convenient.
Proposition 4.5. The character value of the simple CB−n -module Bλ at an even split
element of type (α, β) ∈ (OP , EP) is{
2ℓ(α∪β)/2(−1)(n−ℓ(α))/2χλα∪β if n is even,
2(ℓ(α∪β)+1)/2(−1)(n−ℓ(α))/2χλα∪β if n is odd.
Proof. The proof is mainly based on Theorem 4.1 and Proposition 4.3.
Let x ∈ CB−n be a representative element of type (α, β) ∈ (OP , EP). When we
compute the character value of Bλ at x, i.e., the character value of U ⊗ Sλ at φB(x) ∈
ClV ⊗ CSn (for the isomorphism φB see Theorem 4.1), we may ignore all nontrivial
products of ci by Proposition 3.4.
We write x as a product of cycles. For a positive (k+1)-cycle with k even, the image
of the canonical cycle is
φB(tata+1 · · · ta+k−1) =βa · · · βa+k−1sa · · · sa+k−1
=2−
k
2 (caca+1 − caca+2 − 1 + ca+1ca+2)
· (ca+2ca+3 − ca+2ca+4 − 1 + ca+3ca+4) · · ·
· (ca+k−2ca+k−1 − ca+k−2ca+k − 1 + ca+k−1ca+k)sa · · · sa+k−1
=2−
k
2 (−1)k2 sa · · · sa+k−1 + (terms with ci).
For a negative (k + 1)-cycle with k odd, we note that, since the positive cycles have
supports in terms of smaller numbers than the negative cycles, we must have n−a ≡ 1
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mod 2. So the image of the canonical cycle is
φB(tata+1 · · · ta+k−1ba+k) =(−1)n−a−kβa · · · βa+k−1ca+ksa · · · sa+k−1
=(−1)1−k2− k2 (caca+1 − caca+2 − 1 + ca+1ca+2) · · ·
· (ca+k−3ca+k−2 − ca+k−3ca+k−1 − 1 + ca+k−2ca+k−1)
· (ca+k−1ca+k − 1)sa · · · sa+k−1
=2−
k
2 (−1)k+12 sa · · · sa+k−1 + (terms with ci).
Multiplying these together, we have
φB(x) = 2−
n−ℓ(α∪β)
2 (−1)n−ℓ(α)2 σ + (terms with ci).
Thus by Proposition 3.4, the character value of Bλ at x, i.e., the character value of
U ⊗ Sλ at φB(x) is equal to{
2
n
2 2−
n−ℓ(α∪β)
2 (−1)n−ℓ(α)2 χλα∪β if n is even,
2
n+1
2 2−
n−ℓ(α∪β)
2 (−1)n−ℓ(α)2 χλα∪β if n is odd,
which is the same as given in the proposition. 
Remark 4.6. Read [Re2] chooses representative elements which differ from ours in the
use of (−1)n−ibi in place of bi, but this difference in sign does not affect the computation
of characters. The character formula in Proposition 4.5 agrees with that computed by
Read [Re2, Theorems 3.5, 5.1], and our labeling of the simple (graded or ungraded)
characters is consistent with Read (cf. Remark 4.4). Stembridge [Stm] used a form of
the basic spin module BBn resulting from −βi rather than βi, and so his CB−n -modules
differ from ours by a tensor with sgn.
4.4. The characteristic map for CB−n . Let R(CB−n ) be the Grothendieck group of
the category of CB−n -modules. If we replace isomorphism classes of modules by their
characters, it becomes a free abelian group with a basis made up of the irreducible
characters. Now define
R− =
∞⊕
n=0
R(CB−n ),
when R(CB−0 ) = Z. Set R
−
Q := Q⊗Z R−.
We shall define a ring structure on R− as follows. Let CB−m,n be the subalgebra
of CB−m+n generated by CB−m × CB−n . For a CB−m-module M and a CB−n -module N ,
M ⊗N is naturally a CB−m,n-module, and we define the product
[M ] · [N ] = [CB−m+n ⊗CB−m,n (M ⊗N)],
and then extend by Z-bilinearity. It follows from the properties of the induced charac-
ters that the multiplication on R− is commutative and associative.
Given CB−n -modules M,N , we define a bilinear form on R− by letting
(4.3) 〈M,N〉 = dimHom
CB−n
(M,N).
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Denote by Λ the ring of symmetric functions in infinitely many variables, which is
the Z-span of the monomial symmetric functions mλ for λ ∈ P, and let ΛQ = Q⊗Z Λ.
There is a standard bilinear form (·, ·) on Λ such that the Schur functions sλ form an
orthonormal basis for Λ. The ring ΛQ admits several other distinguished bases: the
complete homogeneous symmetric functions {hλ}, the elementary symmetric functions
{eλ}, and the power-sum symmetric functions {pλ}. See [Mac].
Now define the (spin) characteristic map ch− : R−Q −→ ΛQ as the linear map
(4.4) ch−(φ) =
∑
λ⊢n
z−1λ (−1)
n−ℓ(α)
2 2−
ℓ(λ)
2 φ(λ)pλ,
where φ ∈ R(CB−n ), φ(λ) is the character value of φ at an element of type (α, β) with
α ∪ β = λ and α ∈ OP and β ∈ EP , and zλ is the order of the centralizer in Sn of an
element of cycle type λ.
Recall that, for µ ⊢ n, the Schur function
sµ =
∑
λ⊢n
z−1λ χ
µ
λpλ,
where χµλ is the character value of the Specht module S
µ on an element (of Sn) of cycle
type λ.
Theorem 4.7. The characteristic map ch− : R−Q → ΛQ is an isometric isomorphism
of graded algebras, sending the character of Bλ to sλ when |λ| is even and to
√
2sλ
when |λ| is odd.
Proof. Recall that the characters of the irreducible modules Bλ for λ ∈ P, defined in
Proposition 4.3, form a basis for R−. This becomes an orthonormal basis if we divide
the characters of of type Q modules Bλ by
√
2, thanks to the super version of Schur’s
Lemma, Lemma 2.4; this happens exactly when n is odd by Proposition 4.3.
By plugging the character values of Bλ computed in Proposition 4.3 into (4.4), the
characteristic map ch− sends the elements of this orthonormal basis to the correspond-
ing Schur functions, so it is an isometry.
It remains to check that ch− is an algebra homomorphism. Let φ ∈ R(CB−m) and
χ ∈ R(CB−n ), and consider the image of their product under the characteristic map.
When splitting λ = (α, β) ∈ (OP , EP)m+n into partitions µ ⊢ m, ν ⊢ n, we will write
αµ, αν for the corresponding pieces of α.
ch−(φχ) =
∑
λ⊢m+n
z−1λ (−1)
m+n−ℓ(α)
2 2−
ℓ(λ)
2 (φχ)(λ)pλ
(⋆)
=
∑
λ⊢m+n
z−1λ (−1)
m+n−ℓ(α)
2 2−
ℓ(λ)
2
∑
µ∪ν=λ
µ⊢m,ν⊢n
zλz
−1
µ z
−1
ν φ(µ)χ(ν)pλ
=
∑
λ⊢m+n
∑
µ∪ν=λ
µ⊢m,ν⊢n
(−1)m−ℓ(αµ)2 (−1)n−ℓ(αν )2 2− ℓ(µ)2 2− ℓ(ν)2 z−1µ z−1ν φ(µ)χ(ν)pµpν
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=
∑
µ⊢m
z−1µ (−1)
m−ℓ(αµ)
2 2−
ℓ(µ)
2 φ(µ)pµ
∑
ν⊢n
z−1ν (−1)
n−ℓ(αν )
2 2−
ℓ(ν)
2 χ(ν)pν
=ch−(φ)ch−(χ).
In the equation (⋆) above, we have used a formula for the character value (φχ)(λ),
which can be established in a completely analogous way as for Lemma 5.5 below. This
proves the theorem. 
4.5. Spin fake degrees of Bn. Introduce a parity function
p(n) =
{
0, if n is even,
1, if n is odd.
Theorem 4.8. The graded multiplicity of Bλ in the CB−n -module B ⊗ S∗V is
H−Bn(λ, t) = 2
p(n)t2n(λ)
∏
∈λ
1 + t2c+1
1− t2h .
Proof. We will compute the graded multiplicities for the simple HcBn-modules K
λ in
Cln ⊗ S∗V in Theorem 5.7. The theorem follows from Lemma 5.3, Theorem 5.7 and
Proposition 3.8. 
The following is equivalent to Theorem 4.8 by Lemma 3.11 and use of the well-known
fact that the degrees of Bn are 2, 4, . . . , 2n.
Theorem 4.9. The spin fake degree of Bλ, for λ ⊢ n, is
P−Bn(λ, t) = 2
p(n)t2n(λ)
∏
∈λ
1 + t2c+1
1− t2h (1− t
2)(1− t4) · · · (1− t2n).
We have the following palindromicity of the spin fake degrees for Bn.
Proposition 4.10. For λ ⊢ n, we have P−Bn(λ, t) = tn
2
P−Bn(λ, t
−1).
Proof. Observe that P−Bn(λ, t) = t
aP−Bn(λ, t
−1) for some integer a, since each of its
factors is of the form (1 ± t∗)±1. It remains to determine the shift number a, which is
the sum of the highest power of t appearing in P−Bn(λ, t) with nonzero coefficient, and
the lowest. Thus
a = 2n(λ) + n(n+ 1) +
∑
∈λ
(2c + 1)− 2
∑
∈λ
h + 2n(λ)
= 4n(λ) + n2 + 2n+ 2
∑
∈λ
(c − h)
= 4n(λ) + n2 + 2n+ 2(n(λ′)− n(λ)− (n(λ) + n(λ′) + n)) = n2.
The proposition is proved. 
5. The spin fake degrees of the Hecke-Clifford algebra HcBn
In this section we will work with the Hecke-Clifford algebra in order to complete the
computation of spin fake degrees of type Bn (see the proof of Theorem 4.8).
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5.1. Split classes for Γn. We first realize the Hecke-Clifford algebra H
c
Bn
as a spin
group algebra for a finite group Γn. Define the semidirect product
Γn : = Z
n
2 ⋊Bn,
which as a group is isomorphic to a wreath product (Z2 × Z2)n ⋊ Sn. So it is well
known (see [Mac, I, Appendix B]) that its conjugacy classes Cρ are parametrized by
quadruples of partitions ρ = (ρ++, ρ+−, ρ−+, ρ−−) of total size n, where the second
signs in the subscripts are understood to correspond to the second factor in Z2 × Z2
(which has its origin from Bn). Denote by ℓ(ρ) = ℓ(ρ++) + ℓ(ρ+−) + ℓ(ρ−+) + ℓ(ρ−−).
Consider a finite group
Πn = 〈a1, . . . , an, z|a2i = z2 = 1, aiz = zai, aiaj = zajai (i 6= j)〉,
and write the generators of Bn = Z
n
2 ⋊ Sn as τ1, . . . , τn, s1, . . . , sn−1, where τi is a
generator of the ith copy of Z2. Then the semidirect product Γ˜n = Πn⋊Bn is a group
such that z is central, ajsi = siasi(j), and
τiaj =
{
zajτi if i = j
ajτi if i 6= j.
The group Γ˜n is a double cover of Γn:
1 −→ {1, z} −→ Γ˜n θ−→ Γn −→ 1.
Introduce the spin group algebra CΓ−n := CΓ˜n/〈z+1〉. The quotient algebra CΠn/〈z+
1〉 is identified with Cln by a¯i 7→ ci, which leads to a natural identification of the
superalgebras
(5.1) CΓ−n = H
c
Bn ,
where the superalgebra structure on CΓ−n is given by letting each a¯i be odd and each
si and τi be even. We feel free to use the identification (5.1) below: while H
c
Bn
appears
to be super-equivalent to CB−n , CΓ−n allows one to appeal to finite group techniques.
For an (ordered) subset I = {i1, . . . , ir}, we denote aI = ai1 . . . air , and similarly for
τI . An arbitrary element z
∗aIτJσ ∈ Γ˜n may be written as a product
z∗aIτJσ = z∗(aI1τJ1σ1) · · · (aIkτJkσk),
where ∗ ∈ {0, 1}, σ = σ1 · · · σk ∈ Sn is a product of disjoint cycles, and Ia, Ja ⊆
supp(σa) for all 1 ≤ a ≤ k. Note that |I| =
∑k
i=1 |Ii|.
Let Cρ be a split conjugacy class of Γn. Then its inverse image in Γ˜n is θ−1(Cρ) =
C+ρ ⊔ zC+ρ . In particular, we can make sense of split classes in Γn and Γ˜n as before.
Proposition 5.1. Let Cρ be a conjugacy class of Γn. Then Cρ is even split if and only
if ρ ∈ (OP , EP , ∅, ∅).
Proof. (⇒) Let Cρ be an even conjugacy class of Γn.
Case 1: Suppose ρ++ /∈ OP . Then ρ++ has at least one even part, so θ−1(Cρ) contains
a product of disjoint cycles of the form aIτJσ = (1, . . . , r)(aI2τJ2σ2) · · · (aIlτJlσl), where
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r is even; note |I| is also even, since Cρ is even. We compute the following conjugation
of aIτJσ:
a−11...r(aIτJσ)a1...r = ar...1(1, . . . , r)a1...rz
|I|r(aI2τJ2σ2) · · · (aIlτJlσl)
= ar...1a2...ra1(1, . . . , r)(aI2τJ2σ2) · · · (aIlτJlσl)
= zaIτJσ.
Thus Cρ does not split if ρ++ /∈ OP.
Case 2: Suppose ρ+− /∈ EP . Then ρ+− has an odd part, so θ−1(Cρ) contains an
element of the form aIτJσ = (τ1(1, . . . , r))(aI2τJ2σ2) · · · (aIlτJlσl), where r is odd; note
|I| =∑i |Ii| is even, since Cρ is even. We compute the following conjugation:
a−11...r(aIτJσ)a1...r = ar...1τ1(1, . . . , r)a1...rz
|I|r(aI2τJ2σ2) · · · (aIlτJlσl) = zaIτJσ,
where we used ar...1τ1(1, . . . , r)a1...r = zτ1ar...1a2...ra1(1, . . . , r) = zτ1(1, . . . , r).
Thus Cρ does not split if ρ+− /∈ EP .
Case 3: Suppose ρ−+ 6= ∅. Then θ−1(Cρ) contains an element aIτJσ of the form
(a1(1, . . . , r))(aI2τJ2σ2) · · · (aIlτJlσl). Note |I| is even, since Cρ is even. We compute
the following conjugation:
(a1(1, . . . ,r))
−1(aIτJσ)(a1(1, . . . , r))
= (aI2τJ2σ2) · · · (aIlτJlσl)(a1(1, . . . , r))
= z|I|−1a1(1, . . . , r)(aI2τJ2σ2) · · · (aIlτJlσl)
= zaIτJσ.
Thus Cρ does not split if ρ−+ 6= ∅.
Case 4: Suppose ρ−− 6= ∅. Then θ−1(Cρ) contains an element of the form aIτJσ =
(a1τj(1 · · · r))(aI2τJ2σ2) · · · (aIlτJlσl), where j ∈ {1, . . . , r}. Note |I| is even, since Cρ is
even. We compute the following conjugation:
(a1τj(1, . . . , r))
−1(aIτJσ)(a1τj(1, . . . , r))
= (aI2τJ2σ2) · · · (aIlτJlσl)(a1τj(1, . . . , r))
= z|I|−1a1τj(1, . . . , r)(aI2τJ2σ2) · · · (aIlτJlσl)
= zaIτJσ.
Thus Cρ does not split if ρ−− 6= ∅.
Hence, we have shown that if Cρ is even split then ρ ∈ (OP , EP , ∅, ∅).
(⇐) Suppose ρ ∈ (OP , EP , ∅, ∅). Then the conjugacy class Cρ is clearly even.
Suppose Cρ does not split, i.e. any x ∈ Cρ is conjugate to zx. Take an element in
θ−1(Cρ) of the form τKσ = σ1 . . . σp(τk1σ′1) · · · (τkqσ′q), with each σi an odd cycle, each
σ′i an even cycle, p = ℓ(ρ++), q = ℓ(ρ+−), ki ∈ supp(σ′i), and σ = σ1 . . . σpσ′1 . . . σ′q a
product of disjoint cycles.
Since Cρ does not split, there exists aJ t ∈ Πn ⋊ Bn such that aJ tτKσ = zτKσaJ t.
Then we must have zaJ = aτKσ(J), supp(τKσ) ⊆ J , and tτKσ = τKσt. On the other
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hand, we compute
aτKσ(J) = τKσaJ(τKσ)
−1
= σ1 . . . σp(τk1σ
′
1) · · · (τkqσ′q)aJ(τKσ)−1
= zq+|ρ++|+|ρ+−|−ℓ(ρ++)−ℓ(ρ+−)aJ
= z|ρ++|−ℓ(ρ++)aJ = aJ
which is a contradiction to zaJ = aτKσ(J). So Cρ must split. 
For ρ ∈ (OP , EP , ∅, ∅), the split class θ−1(Cρ) is a disjoint union of two conjugacy
classes; if we denote the class containing an element of Bn by C+ρ , then the other is
zC+ρ , and θ−1(Cρ) = C+ρ ⊔ zC+ρ .
5.2. Simple modules of HcBn . Propositions 3.3 and 4.3 imply that the simple H
c
Bn
-
modules are parametrized by λ ⊢ n, and that they are all of type M. We shall con-
struct them explicitly, and then match them with the CB−n -modules Bλ via the super-
equivalence in Proposition 3.3.
We adopt the convention that c−i = −ci for 1 ≤ i ≤ n. The algebra HcBn acts on the
Clifford algebra Cln by the formulas
ci.(ci1ci2 . . .) = cici1ci2 . . . , σ.(ci1ci2 . . .) = cσ(i1)cσ(i2) . . . ,
for σ ∈ Bn and all i. This HcBn -module Cln is called the basic spin module.
Lemma 5.2. The character value of the basic spin HcBn-module at an even split con-
jugacy class C+ρ is equal to 2ℓ(ρ) for ρ ∈ (OP , EP , ∅, ∅), and 0 elsewhere.
Proof. Let σ = σ1 . . . σℓ ∈ Bn be a product of disjoint signed cycles of type ρ. The
elements cI :=
∏
i∈I ci (which are defined up to a nonessential sign) for I ⊂ {1, . . . , n}
form a basis of the basic spin module Cln. Observe that σcI = cI if I is a union of a
subset of the supports supp(σp) for 1 ≤ p ≤ ℓ(α); otherwise σcI is equal to ±cJ for
some J 6= I. Hence the lemma follows. 
Let λ ⊢ n. Via pullback of the canonical projection Bn = Zn2 ⋊ Sn → Sn, the Specht
module Sλ is endowed with a Bn-module structure. Then
(5.2) Kλ := Cln ⊗ Sλ
is naturally a module over HcBn = Cln⋊Bn (and hence also a module of the group Γ˜n),
where Cln acts by left multiplication on the first tensor factor and Bn acts diagonally.
Denote by ϕλ the character of the module Kλ (of the group Γ˜n). Note that the
character value ϕλ(x) is zero unless x is even split. There is a canonical bijection
between the types ρ = (α, β, ∅, ∅) in (OP , EP , ∅, ∅) such that |α|+|β| = n and partitions
of n (by taking α ∪ β), and we shall denote the resulting partition ρ again by abuse
of notation. Note also that x ∈ C+ρ implies that x−1 ∈ C+ρ . By Lemma 5.2 and the
definition (5.2), we conclude that
(5.3) the character value ϕλ(x) at x ∈ C+ρ is 2ℓ(ρ)χλρ ,
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where we recall χλρ denotes the character value of S
λ at an element in Sn of cycle type
ρ.
Thanks to the isomorphism Φ : CΓ−n = HcBn = ClV ⋊ Bn → ClV ⊗ CB−n from
Proposition 3.1 for W = Bn, the Morita super-equivalence in Proposition 3.3 applies.
Further computation is necessary to determine which simple CB−n -module corresponds
under the super-equivalence to the simple HcBn-module K
λ.
Lemma 5.3. The HcBn-module K
λ corresponds to the CB−n -module Bλ under the bi-
jection induced by G in Proposition 3.3.
Proof. We shall compute the characters of the modules U ⊗ Bλ of HcBn (and hence of
Γ˜n) on an arbitrary even split class. A canonical representative for an even split class of
Γn of type (ρ++, ρ+−, ∅, ∅) ∈ (OP , EP , ∅, ∅) can always be chosen inside the subgroup
Bn as follows. We choose the canonical positive (++)-cycle inside Bn which permutes
a through a + k to be sa · · · sa+k−1, and the canonical negative (+−)-cycle inside Bn
which permutes those same elements to be sa · · · sa+k−1τa+k. A representative element
for the conjugacy class of type (α, β, ∅, ∅) is chosen to be a product of such disjoint
canonical cycles of the appropriate lengths, so that the supports of negative cycles are
bigger than those of positive cycles.
Let bJσ be such a canonical representative element of the conjugacy class of type
(ρ++, ρ+−, ∅, ∅), and consider the images of its component cycles under Φ. Since there
will be no cancellation between cycles, by Proposition 3.4 we may ignore terms con-
taining nontrivial products of ci.
Consider an odd positive (k+1)-cycle sa · · · sa+k−1 in bJσ, for k even. Similar to the
proof of Proposition 4.5, we compute
Φ(sa · · · sa+k−1) = (−1)k+
k
2 βata · · · βa+k−1ta+k−1
= (−1)k+ k2+ k(k−1)2 βa · · · βa+k−1ta · · · ta+k−1(5.4)
= 2−
k
2 (−1)2k+ k(k−1)2 ta · · · ta+k−1 + (terms involving ci)
= 2−
k
2 (−1)k2 ta · · · ta+k−1 + (terms involving ci).
Now consider an even negative (k + 1)-cycle sa · · · sa+k−1τa+k in bJσ, for k odd.
Recall τi is the generator of the ith copy of Z2 inside Bn, and bi is defined in (4.2) for
1 ≤ i ≤ n. By [KW2, Lemma 5.4], we have
(5.5) Φ(τi) = (−1)n−i−
1
2 cibi, for 1 ≤ i ≤ n.
As the positive cycles have supports in terms of smaller numbers than the negative
cycles, we must have n − a ≡ 1 mod 2. Using this parity condition, Table B for type
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Bn, (5.4) and (5.5), we compute
Φ(sa · · ·sa+k−1τa+k)
= (−1)k+ k2+ k(k−1)2 +n−a−k− 12βa · · · βa+k−1ta · · · ta+k−1ca+kba+k
= 2−
k
2 (−1)k(k−1)2 +n−ata · · · ta+k−1ba+k + (terms involving ci)
= 2−
k
2 (−1)k
2
−k
2
+1ta · · · ta+k−1ba+k + (terms involving ci)
= 2−
k
2 (−1)k+12 ta · · · ta+k−1ba+k + (terms involving ci).
Here the last identity follows since k
2−k
2 + 1 ≡ k+12 mod 2 whenever k is odd.
Multiplying the images of canonical cycles together, we obtain
Φ(bJσ) = 2
−n−ℓ(ρ++∪ρ+−)
2 (−1)
n−ℓ(ρ++)
2 σ + (terms involving ci).
So the character value of U ⊗Bλ on bJσ is{
2ℓ(ρ++∪ρ+−)χλρ++∪ρ+− if n is even
2ℓ(ρ++∪ρ+−)+1χλρ++∪ρ+− if n is odd,
which is equal to the character value of Kλ on Φ(bJσ) when n is even, and twice that
(since Bλ is of type Q) when n is odd; see (5.3). 
Proposition 5.4. {Kλ|λ ⊢ n} is a complete list of pairwise inequivalent simple HcBn-
modules, all of type M.
Proof. By Proposition 4.3 and Lemma 5.3, {Kλ | λ ⊢ n} are pairwise inequivalent
simple HcBn-modules, all of type M. As we already know by Proposition 5.1 that the total
number of simple modules is the number of partitions of n, the proof is completed. 
5.3. The characteristic map for HcBn. Let R
−(Γn) be the Grothendieck group of
the category of CΓ−n -modules, which can also be identified with the free abelian group
with a basis made up of the irreducible CΓ−n -characters. Define
R˘ =
∞⊕
n=0
R−(Γn),
where R−(Γ0) = Z.
We shall define a ring structure on R˘ as follows. For a CΓ−m-module M and a CΓ−n -
module N , we define the product
[M ] · [N ] = [CΓ−m+n ⊗CΓ−m×CΓ−n (M ⊗N)],
and then extend by Z-bilinearity. It follows from the properties of the induced charac-
ters that the multiplication on R˘ is commutative and associative. Given CΓ−n -modules
M,N , we define a bilinear form on R˘ by letting
(5.6) 〈M,N〉 = dimHom
CΓ−n
(M,N).
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Now define the characteristic map ch : R˘→ Λ as the linear map
ch(φ) =
∑
µ⊢n
z−1µ 2
−ℓ(µ)φµpµ, for φ ∈ R−(Γn).
Lemma 5.5. Let φ ∈ R−(Γm), ψ ∈ R−(Γn), and γ ∈ (OP , EP , ∅, ∅). Then
(φ · ψ)(γ) =
∑
α,β
zγ
zαzβ
φ(α)ψ(β)
where the sum is taken over α, β ∈ (OP , EP , ∅, ∅) such that γ = α ∪ β.
Proof. Let g ∈ Γ˜m+n be an element of type γ. By [Mac, I, Appendix B, (3.1)], the
order of the centralizer in Γn of an element of type ρ = (α, β, ∅, ∅) ∈ (OP , EP , ∅, ∅) is
zαzβ4
ℓ(α∪β). Now we compute
(φ · ψ)(γ) = 1|Γ˜m,n|
∑
h∈Γ˜m+n
(φ× ψ)(h−1gh)
=
|Γ˜n+m|
|Γ˜m,n||C+γ |
∑
w∈C+γ
(φ× ψ)(w)
=
22ℓ(γ)zγ
m!n!22m+2n
∑
α∪β=γ
φ(α)ψ(β)|C+α ||C+β |
=
22ℓ(γ)zγ
m!n!22m+2n
∑
α∪β=γ
φ(α)ψ(β)
22mm!
zα22ℓ(α)
22nn!
zβ22ℓ(β)
=
∑
α,β
zγ
zαzβ
φ(α)ψ(β).
The lemma is proved. 
Theorem 5.6. The characteristic map ch : R˘ → Λ is an isometric isomorphism of
graded algebras, which sends [Kλ] to sλ for all λ.
Proof. Recall that the character ϕλ of the irreducible module Kλ is 2ℓ(α∪β)χλα∪β on
elements of type (α, β, ∅, ∅) ∈ (OP , EP , ∅, ∅), and 0 otherwise. Thus
ch(ϕλ) =
∑
(α,β)∈(OP ,EP)
z−1α z
−1
β 2
−ℓ(α∪β)2ℓ(α∪β)χλα∪βpα∪β = sλ.
This map sends an orthonormal basis for R˘ to an orthonormal basis of Λ, so it is an
isometry.
Now we compute the image of a product under the characteristic map. Let φ,ψ be
as in the previous lemma. Then
ch(φ · ψ) =
∑
γ⊢m+n
z−1γ 2
ℓ(γ)(φ · ψ)(γ)pγ
=
∑
γ
∑
α,β:α∪β=γ
z−1γ
zγ
zαzβ
φ(α)ψ(β)2ℓ(γ)pγ = ch(φ)ch(ψ),
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so ch is also an algebra isomorphism. 
5.4. Spin fake degrees for HcBn . Let x, y, and z be three (possibly infinite) sets of
independent indeterminates. The super Schur functions and the super Cauchy identity
are standard, and we refer to [WW2, Section 5.3] for more details. For a partition λ,
the super Schur function hsλ is defined to be
hsλ(x; y) :=
∑
µ⊆λ
sµ(x)sλ′/µ′(y).
We have the following super Cauchy identity:
(5.7)
∏
j,k(1 + yjzk)∏
i,k(1− xizk)
=
∑
λ∈P
hsλ(x; y)sλ(z).
Let a, b be indeterminates. The formula (∗) in [Mac, I.3.3] was interpreted in [WW2,
(5.13)] as a specialization of hsλ(x; y), by letting x = aq
• = (a, aq, aq2, . . .) and y = bq•:
(5.8) hsλ(aq
•; bq•) = qn(λ)
∏
∈λ
a+ bqc
1− qh .
The following theorem was used in the proof of Theorem 4.8 earlier.
Theorem 5.7. The graded multiplicity of the irreducible HcBn-module K
λ in the HcBn-
module ClV ⊗ S∗V is
HBn(λ, t) = hsλ(t
2•; t2•+1) = t2n(λ)
∏
∈λ
1 + t2c+1
1− t2h .
Proof. The second identity follows by (5.8) with a = 1, b = t and q = t2. So it remains
to prove the first identity.
Let us compute the image of ClV ⊗StV under the characteristic map. The character
of the basic spin CΓ−n -module ClV on any representative in the conjugacy class of type
(α, β, ∅, ∅) ∈ (OP , EP , ∅, ∅) is 2ℓ(α∪β); we shall choose the representative to be the
canonical element bJσ ∈ Bn (with σ ∈ Sn) of type (α, β) ∈ (OP , EP) as in the proof
of Lemma 5.3.
Now we compute the character value of bJσ on the Bn-module S
∗V . We shall denote
by ℓ1 = ℓ(α), ℓ2 = ℓ(β), ℓ = ℓ(α) + ℓ(β). We write
σ = (1, . . . , α1)(α1 + 1, . . . , α1 + α2) · · · (|α| + 1, . . . , |α|+ β1) · · · (n− βℓ2 + 1, . . . , n).
Thus σ will permute the monomial basis of S∗V , fixing only those monomials
xa := (x1x2 · · · xα1)a1(xα1+1 . . . xα1+α2)a2 · · · (xn−βℓ2+1 · · · xn)
aℓ
for nonnegative integers a1, . . . , aℓ. Note that
bJσ(x
a) = (−1)aℓ1+1+...+aℓxa.
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This implies that the character value of StV on bJσ is
tr(bJσ)|StV =
∑
a1,...,aℓ≥0
(−1)aℓ1+1+...+aℓt
∑
i aiαi+
∑
j aℓ1+jβj
=
1
(1− tα1) · · · (1− tαℓ1 )(1 + tβ1) · · · (1 + tβℓ2 )
=
1
(1 + (−t)ρ1) · · · (1 + (−t)ρℓ) ,
where we have switched notation in the last equation using ρ = α∪β = (ρ1, ρ2, . . . , ρℓ).
Then the character value of ClV ⊗ StV on bJσ is
(5.9) tr(bJσ)|ClV ⊗StV =
2ℓ(ρ)
(1 + (−t)ρ1) · · · (1 + (−t)ρℓ) .
Given a power series f(u) in a variable u, we denote by [un]f(u) the coefficient of
un in the series expansion of f(u). Applying the characteristic map to Cln ⊗ StV with
the help of (5.9), we compute
ch(Cln ⊗ StV ) =
∑
ρ⊢n
z−1ρ 2
−ℓ(ρ) 2ℓ(ρ)
(1 + (−t)ρ1) · · · (1 + (−t)ρℓ)pρ
= [un]
∑
ρ∈P
z−1ρ pρ
u|ρ|
(1 + (−t)ρ1) · · · (1 + (−t)ρℓ)
= [un]
∏
i,j
(
1
1− xiu(−t)j
)(−1)j
=
∑
λ⊢n
hsλ(t
2•; t2•+1)sλ(x).
The last equation used the super Cauchy identity (5.7). On the other hand, since each
Kλ is simple of type M by Proposition 5.4, we have
ch(Cln ⊗ StV ) =
∑
λ⊢n
HBn(λ, t) sλ(x).
The first identity in the theorem now follows from comparing the above two expressions
for ch(Cln ⊗ StV ), and the linear independence of sλ’s. 
The following is equivalent to Theorem 5.7 by Lemma 3.11 and using the fact that
the degrees of Bn are 2, 4, . . . , 2n.
Theorem 5.8. The spin fake degree of the irreducible HcBn-module K
λ is
PBn(λ, t) = t
2n(λ)
∏
∈λ
1 + t2c+1
1− t2h (1− t
2)(1 − t4) · · · (1− t2n).
6. The spin fake degrees of type Dn (for n odd)
Let n be odd throughout this section.
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6.1. Structure of the algebra CD−n for n odd. Recall from Table A the definition
of CD−n via generators t1, . . . , tn and defining relations. Denote by Cl0n ⊂ Cln the even
subalgebra of the Clifford superalgebra Cln. The algebra Cl0n is abstractly a Clifford
algebra in n− 1 generators cicn for 1 ≤ i ≤ n− 1. Define
ζ := (−1)n(n−1)2 c1c2 · · · cn ∈ Cln.
Note that ζ 6∈ Cl0n.
Lemma 6.1. For n odd, the element ζ commutes with every ci. Moreover, ζ
2 = 1.
Proof. Follows by a direct computation. 
The tensor algebra Cl0n ⊗ CSn carries a superalgebra structure by letting each cicn
be even and each si odd, for 1 ≤ i ≤ n− 1. In particular, Cl0n is a purely even algebra,
and it follows by (3.1) that cicn commutes with sj for all possible i, j.
Theorem 6.2. For n odd, there exists an isomorphism of superalgebras
φD : CD−n
∼=−→ Cl0n ⊗ CSn,
ti 7→
{
1√
2
ζ(ci − ci+1)si, for 1 ≤ i ≤ n− 1,
1√
2
ζ(cn−1 + cn)sn−1, for i = n.
(We emphasize here that each si is odd.)
Proof. First note that φD(ti) for each i is indeed in Cl0n ⊗ CSn, since n is odd.
Recall from Theorem 4.1 the superalgebra isomorphism φB : CB−n
∼=→ Cln ⊗ CSn.
The images of ti for 1 ≤ i ≤ n − 1 under φD and φB differ exactly by a factor ζ. All
the relations for CD−n which do not involve tn in Table B are identical for types B
and D and they all involve even numbers of these ti’s, hence they are preserved by φ
D
because ζ2 = 1 and φB is a homomorphism. In addition, it is straightforward to check
by definition and Lemma 6.1 the remaining relations:(
φD(ti)φ
D(tn)
)2
= −1, for i 6= n− 2, n,
φD(tn)
2 = 1,
(
φD(tn)φ
D(tn−2)
)3
= 1.
For example, we compute(
φD(tn)φ
D(tn−2)
)3
= −1
8
ζ6((cn−1 + cn)(cn−2 − cn−1))3(sn−1sn−2)3 = 1.
Hence, φD is an algebra homomorphism. Also, φD preserves the superalgebra structures
since φD(ti) and ti for each i are odd.
To show that φD : CD−n → Cl0n ⊗ CSn is an isomorphism, it remains to verify the
surjectivity as both algebras have the same dimension. Equivalently, it suffices to check
that the generators cicn and si, for 1 ≤ i ≤ n− 1, of Cl0n ⊗CSn lie in the image of φD.
To that end, a direct computation shows that
φD(tn−1)φD(tn) = cn−1cn,
φD(ti)ci+1cnφ
D(ti) = cicn, for 1 ≤ i ≤ n− 2.(6.1)
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Inductively we conclude by (6.1) that all cicn, and hence Cl0n, lie in the image of φD.
Now we can choose xi ∈ CD−n such that φD(xi) =
√
2(ζ(ci − ci+1))−1 ∈ Cl0n, for
1 ≤ i ≤ n − 1. Then φD(xiti) = φD(xi)φD(ti) = si. Thus the homomorphism φD is
surjective. The theorem is proved. 
There is a natural inclusion [KW3, 4.1]
(6.2) ι : CD−n →֒ CB−n ,
which sends tDi 7→ tBi (i ≤ n − 1) and tDn 7→ −tBn tBn−1tBn , if we use superscripts to
indicate the types of Weyl groups. By Lemma 6.1, the superalgebra 〈ζ〉 generated by
ζ is isomorphic to Cl1. Recall |A| denotes the underlying algebra for a superalgebra A.
Proposition 6.3. We have an isomorphism of algebras:
|CD−n | × |〈ζ〉|
∼=−→ |CB−n |,
(x, ζa) 7→ ι(x)ζa, for x ∈ |CD−n |, a = 0, 1.
Note that we cannot claim to have a superalgebra isomorphism CD−n ×〈ζ〉
∼=−→ CB−n ,
since the odd element ζ commutes but does not super-commute with CD−n .
Proof. If we identify CB−n ≡ Cln ⋊− CS−n as in Theorem 4.1, we can naturally iden-
tify the subalgebra ι(CDn) ≡ Cl0n ⋊− CS−n . Putting Theorem 4.1, Lemma 6.1 and
Theorem 6.2 together, we have the following commutative diagrams, where the ho-
momorphism j extends the natural inclusion Cl0n →֒ Cln and sends si 7→ ζsi for each
i:
Cl0n ⋊− CS−n =−−−−→ CD−ny ιy
Cln ⋊− CS−n =−−−−→ CB−n
|CD−n |
φD−−−−→ |Cl0n ⊗ CSn|
ι
y jy
|CB−n |
φB−−−−→ |Cln ⊗ CSn|
(6.3)
It follows that ζ 6∈ ι(CD−n ) and that ζ commutes with ι(CD−n ) . The proposition is
proved. 
Recall Sλ denotes the Specht module of Sn. Denote by U
0 the unique simple Cl0n-
module. Theorem 6.2 implies immediately the following classification of simple |CD−n |-
modules, which was obtained by Read [Re2, Theorem 7.2] using a completely different
construction of these simple modules.
Corollary 6.4. Let n be odd. A complete list of pairwise inequivalent simple |CD−n |-
modules is {U0 ⊗ Sλ | λ ⊢ n}.
6.2. Split classes for n odd.
Lemma 6.5. Let n be odd.
(1) The split conjugacy classes of Dn are the classes of the following types:
(a) (ρ+, ρ−) ∈ (OP , EP), with ℓ(ρ−) even;
(b) (ρ+, ρ−) ∈ (∅,P), with ℓ(ρ−) even.
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(2) The split classes of type (ρ+, ρ−) ∈ (OP , EP) are even while those of type
(ρ+, ρ−) ∈ (∅,P) are odd.
Proof. (1) is [Re2, Lemmas 6.4, 7.1]. (2) follows by counting the number of generators
in a representative element of each conjugacy class as given in [Re2], and noting that
each generator ti of CD
−
n is odd. 
Remark 6.6. Note that ℓ(ρ+) must be odd in the case of Lemma 6.5(1a). Hence the
types of the split classes of Dn are in natural bijection with the partitions of n by
sending (ρ+, ρ−) 7→ ρ+ ∪ ρ−, so that the classes in (1a) (respectively, (1b)) correspond
to partitions of n of odd lengths (respectively, even lengths).
6.3. Counting the simples.
Lemma 6.7. Let n be odd.
(1) The number of simple CD−n -modules of type M is equal to all of
(a) |{λ ⊢ n : n− ℓ(λ) even}| − |{λ ⊢ n : n− ℓ(λ) odd}|; (b) |SOPn|; (c) |Psymn |.
(2) The number of simple CD−n -modules of type Q is equal to all of
(a) |{λ ⊢ n : n− ℓ(λ) odd}|; (b) |{{λ, λ′} : λ′ 6= λ ∈ Pn}|; (c) 1
2
(|Pn| − |Psymn |).
Proof. Denote by m (and respectively, q) the number of simple CD−n -modules of type M
(and respectively, type Q). Then the number of simple |CD−n |-modules is m+2q, which
is equal to |Pn| by counting the split classes in Lemma 6.5 and applying Wedderburn’s
Theorem 2.3 and Remark 2.5. From this we easily see that (1) is consistent with (2),
and so it suffices to prove (1).
According to Proposition 2.6 and Lemma 6.5, m is given by (1a). It is a classical fact
that (1a) = (1b) = (1c) (which is valid actually for any n). The equality (1b) = (1c)
can be shown by an easy bijection, while the equality (1a) = (1b) can be established
via a generating function identity:
∏
i≥1
(
1 + (−x)i)−1 =∏i≥1(1 + x2i−1). 
6.4. Classification of simple CSn-(super)modules. Recall that χ
λ
µ is the character
of the Specht module Sλ on the conjugacy class of Sn of cycle type µ.
Lemma 6.8. Let n be odd. Then χλµ = 0 for all µ ⊢ n of even length if and only if
λ = λ′.
Proof. Note that
χλ
′
= χλ ⊗ sgn, sgnµ = (−1)n−ℓ(µ) = −(−1)ℓ(µ),
which we shall use repeatedly below.
(⇐) Assume λ = λ′. If ℓ(µ) is even, then χλµ = χλ
′
µ = χ
λ
µ · sgnµ = −χλµ, so χλµ = 0.
(⇒) Let ν, µ ⊢ n with ℓ(µ) even, and ℓ(ν) odd. Then χλ′µ = −χλµ = 0 = χλµ. Also,
χλ
′
ν = χ
λ
ν · sgnν = (−1)n−ℓ(ν)χλν = χλν . Hence χλ = χλ
′
and so λ = λ′. 
Proposition 6.9. Let CSn be endowed with the superalgebra structure with each si
odd. Then a complete list of pairwise inequivalent simple CSn-modules consists of:
(1) Sλ of type M, for λ ⊢ n with λ = λ′.
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(2) S{λ,λ′} := Sλ ⊕ Sλ′ of type Q, for pairs {λ, λ′} with λ ⊢ n and λ 6= λ′.
Proof. Given a finite-dimension semisimple C-superalgebra A, one defines an involution
α on A by letting α(a) = (−1)|a|a for homogeneous a ∈ A. Given any |A|-module N ,
one obtains another |A|-module N ′ with the same underlying vector space as N but
with an action twisted by α. It is shown in [Joz1, Proposition 2.17] that
(i) If N is a simple |A|-module but not an A-module, then N 6∼= N ′ and N ⊕ N ′
can be endowed with a simple A-module structure of type Q.
(ii) If a simple |A|-module N can be lifted to a simple A-module (which must be of
type M), then N ∼= N ′.
In our setting with A = CSn, the simple CSn-modules are S
λ, the involution is given
by α(σ) = (−1)l(σ)σ for σ ∈ Sn, and the twisted module N ′ is isomorphic to N ⊗ sgn.
Now (1) follows from (ii) above and the fact that Sλ ⊗ sgn ∼= Sλ′ . By Lemma 6.7, we
have obtained all simple CSn-modules of type M. Then S
λ for λ 6= λ′ must pair with Sλ′
to give rise to simple CSn-modules of type Q, by applying (i) above. That S
λ for λ 6= λ′
is not a CSn-module also follows from Lemma 6.8, which says S
λ has non-vanishing
character value on odd conjugacy classes. 
6.5. Simple CD−n -modules for n odd. Recall U0 denotes the unique simple Cl0n-
module. We introduce the following notation for n odd:
(6.4) D{λ,λ
′} :=
{
U0 ⊗ Sλ if λ = λ′,
U0 ⊗ (Sλ ⊕ Sλ′) if λ 6= λ′.
By definition D{λ,λ′} only depends on the unordered pair {λ, λ′}. Via the isomorphism
φD from Theorem 6.2, D{λ,λ′} is a CD−n -module.
Proposition 6.10. Let n be odd. Then {D{λ,λ′}|λ ⊢ n} forms a complete set of pairwise
inequivalent simple CD−n -modules. Moreover, D{λ,λ
′} is of type M if λ = λ′, and of type
Q otherwise.
Proof. Follows from Theorem 6.2 and Proposition 6.9, by noting that Cl0n is purely even
and the unique simple Cl0n-module U0 is of type M. 
Recall the irreducible CB−n -modules Bλ for λ ⊢ n from Proposition 4.3, which are
all of type Q since n is odd. Recall from (6.2) the inclusion CD−n →֒ CB−n .
Proposition 6.11. Let n be odd. Then
(1) As a |CD−n |-module, Bλ is a sum of two simple modules, i.e., Bλ ∼= U0 ⊗ Sλ ⊕
U0 ⊗ Sλ′, for λ ⊢ n.
(2) Bλ|
CD−n
∼= Bλ′ |CD−n ∼= D{λ,λ
′}, for λ ⊢ n with λ 6= λ′.
(3) Bλ|
CD−n
∼= (D{λ,λ′})⊕2, for λ ⊢ n with λ = λ′.
Proof. By construction, Bλ ∼= U ⊗ Sλ via the isomorphism φB , where U is the simple
Cln-module of type Q. U decomposes into a sum of two copies of the Cl0n-module U0,
on which ζ acts by ±1 respectively. By the (second) commutative diagram in (6.3), the
action of si ∈ CSn ⊆ φD(CD−n ) on U ⊗ Sλ is twisted by the action of ζ, giving rise to
U0 ⊗ Sλ ⊕ U0 ⊗ Sλ′ , whence (1).
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Assume λ 6= λ′. ThenBλ|
CD−n
must be isomorphic to the simple CD−n -moduleD{λ,λ
′}
by applying (1) and Proposition 6.10, whence (2).
Part (3) follows by applying (1) and Proposition 6.10 again. 
6.6. Spin fake degrees of Dn for n odd. Recall BDn is the basic spin CD−n -module.
We would like to compute
H−Dn(λλ
′, t) :=
∑
k
dimHom
CD−n
(
D{λ,λ
′},BDn ⊗ SkV
)
tk,
P−Dn(λλ
′, t) :=
∑
k
dimHom
CD−n
(
D{λ,λ
′},BDn ⊗ (SkV )Dn
)
tk.
(6.5)
Proposition 6.11 allows us to reduce the computations to the type Bn case.
Theorem 6.12. Let n be odd. Then
H−Dn(λλ
′, t) =

2t2n(λ)
∏
∈λ
1 + t2c+1
1− t2h , if λ = λ
′,
2t2n(λ)∏
∈λ(1− t2h)
(∏
∈λ
(1 + t2c+1) +
∏
∈λ
(t2c + t)
)
, if λ 6= λ′.
Proof. Note that BDn ∼= BBn |CD−n . So we have
BDn ⊗ S∗V ∼= (BBn ⊗ S∗V )|CD−n =
⊕
λ⊢n
1
2
H−Bn(λ, t)B
λ|
CD−n
;
here the factor 12 arises since by Proposition 4.3 all CB
−
n -modules B
λ are type Q when
n is odd. Also, by definition
BDn ⊗ S∗V =
⊕
λ=λ′
H−Dn(λλ
′, t)D{λ,λ
′} ⊕
⊕
{λ,λ′|λ6=λ′}
1
2
H−Dn(λλ
′, t)D{λ,λ
′}.
By (6.4), Proposition 6.11 and a comparison of the above two expansions for BDn⊗S∗V ,
we have
H−Dn(λλ
′, t) =
{
H−Bn(λ, t), if λ = λ
′,
H−Bn(λ, t) +H
−
Bn
(λ′, t), if λ 6= λ′.(6.6)
Recall the formula for H−Bn(λ, t) in Theorem 4.8. We can rewrite
(6.7) H−Bn(λ
′, t) = 2p(n)t2n(λ)
∏
∈λ
t2c + t
1− t2h ,
with p(n) = 1, using the following identities:
t2n(λ
′)
∏
∈λ′
(1 + t2c+1) =
∏
(i,j)∈λ′
(t2(i−1) + t2(j−1)+1) = t2n(λ)
∏
∈λ
(t2c + t).
Now the theorem follows by applying to (6.6) the formulas in Theorem 4.8 and (6.7). 
The following is equivalent to Theorem 6.12 by Lemma 3.11 and using the well-known
fact that the degrees of Dn are 2, 4, . . . , 2n− 2, n.
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Theorem 6.13. Let n be odd and λ ⊢ n. Then the spin fake degree P−Dn(λλ′, t) is
2t2n(λ)
∏
∈λ
1 + t2c+1
1− t2h
n−1∏
i=1
(1− t2i)(1− tn), if λ = λ′,
2t2n(λ)∏
∈λ(1− t2h)
( ∏
∈λ
(1 + t2c+1) +
∏
∈λ
(t2c + t)
) n−1∏
i=1
(1− t2i)(1− tn), if λ 6= λ′.
Proposition 6.14. The following palindromicity holds for spin fake degrees of Dn, for
all λ ⊢ n:
P−Dn(λλ
′, t) = tn(n−1)P−Dn(λλ
′, t−1).
Proof. Using Lemma 3.11 and (6.6) while keeping in mind the degrees for Bn and Dn,
we relate P−Dn to P
−
Bn
as follows:
P−Dn(λλ
′, t) =

P−Bn(λ, t)
(1− tn)
(1 − t2n) , if λ = λ
′,(
P−Bn(λ, t) + P
−
Bn
(λ′, t)
) (1− tn)
(1− t2n) , if λ 6= λ
′.
Since P−Bn(λ, t) and P
−
Bn
(λ′, t) are palindromic with the same shift number n2, their
sum will be as well. It remains palindromic upon multiplication by (1−t
n)
(1−t2n) , with a new
shift number (n2 − n). 
6.7. Hecke-Clifford algebra HcDn for n odd. Recall from Proposition 5.4 that the
simple HcBn -modules are K
λ = Cln ⊗ Sλ defined in (5.2) for λ ⊢ n and they are all of
type M.
Lemma 6.15. Let n be odd. If λ = λ′, then Kλ|Hc
Dn
is a type Q simple HcDn-module.
Otherwise, if λ 6= λ′, then Kλ|Hc
Dn
is a type M simple HcDn-module.
Proof. This follows from Propositions 3.1, 3.3, 6.10 and 6.11. 
Denote
HDn(λλ
′, t) :=
∑
k
dimHomHc
Dn
(Kλ|Hc
Dn
, ClV ⊗ SkV )tk,
PDn(λλ
′, t) :=
∑
k
dimHomHc
Dn
(Kλ|Hc
Dn
, ClV ⊗ (SkV )Dn)tk.
Recall the formulas forH−Dn(λλ
′, t) from Theorem 6.12, and the formulas for P−Dn(λλ
′, t)
from Theorem 6.13. The following proposition allows us to compute closed formulas
for HDn(λλ
′, t) and PDn(λλ′, t).
Proposition 6.16. Let n be odd. If λ = λ′, then
HDn(λλ
′, t) = H−Dn(λλ
′, t), PDn(λλ
′, t) = P−Dn(λλ
′, t).
If λ 6= λ′, then
HDn(λλ
′, t) =
1
2
H−Dn(λλ
′, t), PDn(λλ
′, t) =
1
2
P−Dn(λλ
′, t).
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Proof. This follows from Proposition 3.8 and Lemma 3.11. 
7. The spin fake degrees of type Dn (for n even)
Let n be even throughout this section.
7.1. The algebra CD−n for n even.
Lemma 7.1. (cf. [Re2]) Let n be even.
(1) The split classes of CD−n are the classes of cycle types (ρ+, ρ−) in (OP , EP) or
in (∅,SOP), with ℓ(ρ−) even.
(2) All split classes are even.
Proof. Part (1) was proved in [Re2, Lemma 6.4]. Since all generators ti are odd, the
parity of an element ti1 · · · tik , and thus of its conjugacy class, is equal to the parity of
k. Now (2) can be extracted from [Re2]. 
By [Re2, Lemma 8.1], the number of these split classes in Dn is equal to the number
of conjugacy classes of the alternating group An. In the spirit of Theorem 6.2, the work
of Read suggests the following structure result for CD−n .
Conjecture 7.2. For n even, we have a superalgebra isomorphism Cln⊗CAn ∼= CD−n ,
where CAn is even while the n generators of Cln are odd.
7.2. Simple CD−n -modules for n even. Recall the simple CB−n -modules Bλ from
Proposition 4.3, which are all of type M since n is even. Read [Re2, Lemma 8.4, Corollary
8.12] has classified the ungraded irreducible CD−n -modules. Recall from Proposition 4.3
the simple CB−n -modules Bλ, for λ ⊢ n, and set
(7.1) D{λ,λ
′} := Bλ|
CD−n
, (for n even).
According to Read, |D{λ,λ′}| is a simple |CD−n |-module if λ 6= λ′. In the case when
λ = λ′, D{λ,λ′} is a sum of two inequivalent simple |CD−n |-modules Dλ±:
(7.2) D{λ,λ
′} = Dλ+ ⊕Dλ−.
All these simple |CD−n |-modules can be endowed with the structures of simple CD−n -
modules by Remark 2.5, since the graded irreducibles are all of type M, by Proposi-
tion 2.6 and Lemma 7.1. Hence, Read’s results can be upgraded as follows.
Proposition 7.3. Let n be even. A complete list of pairwise inequivalent simple CD−n -
modules consists of D{λ,λ′} when λ 6= λ′ and Dλ± when λ = λ′, for λ ⊢ n. All these
simple CD−n -modules are of type M.
It is well known that the simple An-modules are parametrized in the same way as the
simple CD−n -modules above. Read’s classification of the simple |CD−n |-modules can be
reformulated as stating that the ungraded version of the isomorphism in Conjecture 7.2
holds. On the other hand, Conjecture 7.2, if established by a direct and constructive
proof, would immediately provide a new proof of the classification of simple CD−n -
modules.
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7.3. Spin fake degrees of Dn for n even. We continue the notation H
−
Dn
(λλ′, t)
and P−Dn(λλ
′, t) from (6.5) when λ 6= λ′, now for n even. In addition, we will write
H−Dn(λ±, t) and P
−
Dn
(λ±, t) to indicate the graded multiplicities of the simple modules
Dλ± in BDn ⊗ S∗V and BDn ⊗ (S∗V )Dn , when λ = λ′, for n even.
Theorem 7.4. Let n be even. Then we have
H−Dn(λ+, t) = H
−
Dn
(λ−, t) = t2n(λ)
∏
∈λ
1 + t2c+1
1− t2h , if λ = λ
′,
H−Dn(λλ
′, t) =
t2n(λ)∏
∈λ(1− t2h)
(∏
∈λ
(1 + t2c+1) +
∏
∈λ
(t2c + t)
)
, if λ 6= λ′.
Proof. As in the proof of Theorem 6.12, we write
BDn ⊗ S∗V ∼= (BBn ⊗ S∗V )|CD−n =
⊕
λ⊢n
H−Bn(λ, t)B
λ|
CD−n
,
since all Bλ are type M when n is even. On the other hand, it follows by definition that
BDn ⊗ S∗V =
⊕
{λ6=λ′}
H−Dn(λλ
′, t)D{λ,λ
′} ⊕
⊕
λ=λ′
(
H−Dn(λ+, t)D
λ
+ ⊕H−Dn(λ−, t)Dλ−
)
.
A comparison of the above two identities using (7.1) and (7.2) gives us{
H−Dn(λλ
′, t) = H−Bn(λ, t) +H
−
Bn
(λ′, t), if λ 6= λ′,
H−Dn(λ±, t) = H
−
Bn
(λ, t), if λ = λ′.
Now the theorem follows from these two identities, the formula for H−Bn(λ, t) in Theo-
rem 4.8, and the identity (6.7) with p(n) = 0. 
The following is equivalent to Theorem 7.4 by Lemma 3.11 and using the fact that
the degrees of Dn are 2, 4, . . . , 2n − 2, n.
Theorem 7.5. Let n be even. Then the spin fake degree P−Dn(λλ
′, t) is
P−Dn(λ±, t) = t
2n(λ)
∏
∈λ
1 + t2c+1
1− t2h
n−1∏
i=1
(1− t2i)(1− tn), if λ = λ′,
P−Dn(λλ
′, t) =
t2n(λ)∏
∈λ(1− t2h)
( ∏
∈λ
(1 + t2c+1) +
∏
∈λ
(t2c + t)
) n−1∏
i=1
(1− t2i)(1− tn), if λ 6= λ′.
Proposition 7.6. The following palindromicity holds for spin fake degrees of Dn: for
each irreducible CD−n -character χ, we have P
−
Dn
(χ, t) = tn(n−1)P−Dn(χ, t
−1).
Proof. The proof is similar to that of Proposition 6.14. 
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7.4. Hecke-Clifford algebra HcDn for n even. Recall from Proposition 5.4 that the
simple HcBn-modules K
λ are parametrized by λ ⊢ n and are all of type M.
Proposition 7.7. Let n be even.
(1) If λ 6= λ′, then Kλ|Hc
Dn
is a simple HcDn-module, and K
λ|Hc
Dn
∼= Kλ′ |Hc
Dn
.
(2) If λ = λ′, then Kλ|Hc
Dn
is a sum of two inequivalent simple HcDn-modules. All
these simple modules are of type M.
(3) The simple modules in (1) and (2) (modulo the identifications in (1)) form a
complete list of inequivalent simple HcDn-modules.
Proof. By Proposition 3.1, there is a Morita super-equivalence between CD−n and HcDn ,
and hence Proposition 3.3 applies. By Lemma 5.3, Kλ corresponds to Bλ under the
super-equivalence. Now the proposition follows. 
The list of simple HcDn-modules in Proposition 7.7 corresponds bijectively via the
Morita super-equivalence to the list of simple CD−n -modules in Proposition 7.3. Propo-
sition 3.8 ensures that the graded multiplicities of a simple HcDn-module in ClV ⊗ S∗V
(respectively, in ClV ⊗(S∗V )Dn) are exactly the same as their counterparts in BDn⊗S∗V
(respectively, in BDn ⊗ (S∗V )Dn) given in Section 7.3.
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